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1. INTRODUCTION

We present the results of an extensive investigation of the electrical
characteristics of the concentric spherical cavity. Although this system
possesgses a very simple geometry, to date, an analysis of this cavity has
nevertheless been almost totally ignored. The only meaningful earlier work is
a short note by Broc.! Broc's work confined itself to determining the Q of a
silver-walled concentric cavity at a fixed frequency for each of two low order
modes. This note is far from a complete solution of the concentric spherical
cavity problem. Since this cavity serves as the starting point for the solu-
tion of a number of important practical electromagnetic problems, especially
when considered in one asymptotic limit or another, it was necessary to care-~
fully examine it in its simplest form. The results obtained in the initial
stages of this study are rather interesting in themselves, since they give
insight into electrical characteristics of many problems of a considerably
more complex nature. Indeed, a series of subsequent reports will elaborate on
a number of such important practical problems, ranging from coupling phenomena
to antenna properties.

At the outset a bookkeeping problem presents itself. To deal with this
situation, the results of our investigations will be discussed in a number of
reports. Each report will be sufficiently restricted both in size and subject
to render the whole manageable while at the same time retaining coherent
meaning and connectivity of one to the others.

This particular report in the sequence, Part I, considers the geometric
characteristics of the concentric spherical system. The formal vector field
solution appropriate for the system appears in Part II. Part III contains the
formal analysis for the eigenvalue solution for this boundary value problem,
and Part IV gives the numerical solutions obtained for the eigenvalues and
plots of their trajectories, along with a discussion of the results presented.

2. FOPMAL SOLUTION FOR FIELDS WITHIN CAVITY

2.1 Bagic Field Theory

We shall assume harmonic time dependence of the form exp(jwt). The
explicit fields we seek are those appropriate to the concentric spherical
cavity illustrated in figure 1. At the start we must establish some conven-

tional notation; hence, we denote the radius of the outer sphere by r = a and °

the radius of the inner sphere by r = b, We shall find it convenient to
introduce a parameter, namely, the ratio of the inner to outer sphere radii,
which we denote by R = b/a. We shall restrict our considerations in this
report to the situation where there are no sources present within the cavity
(except of course on the boundary walls) and to perfectly conducting walls.
Also, we shall consider at this time only an isotropic, homogeneous, linear
dielectric medium filling the cavity. At first we assume a non-lossy

dielectric. In section 3, we shall extend our results to lossy dielectrics.

15, Broc, ilecttomagnstisme, Academie des Sciences, 230, Comptes Rendus
(January 1950), 198-9.
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DIELECTRIC MEDIUM
(e, u) BETWEEN _ -
CONDUCTORS Wia. 0. ¢) =T (3, 8. ¢) xH(a, 0. ) = SURFACE CURRENT
DENSITY ON INSIDE OF
OUTER CONDUCTOR
-— \ - .
(b, 6, ¢) =Y, 0. ) XH(b, 8. ¢) = SURFACE CURRENT
INNER CONOUCTING \ DENSITY ON OUTSIDE OF
SPHERE OF _¥ INNER CONDUCTOR
RADIS b
) — Y

r = b = inner radius
r = a = outer radius

OUTER CONDUCTING SPHERE OF RADIUS a

FPigure 1. Geometry of concentric spherical cavity.

In our present problem the Maxwell equations are

§x§=-jwu§, V.ﬁ=o
Sxhaboduk . BoBeose o
Since fi is solenoidal, we have then a vector potential { such that
h(E) =¥ x R(2) , (2)

which then yields
B(2) - -Jwk(2) - Yo(2) (3)

where 0('{) is a scalar function. A and O(?) are connected via the relation

¥ x ¥ xR - wuek = F - juele (4)
which we can write alternatively,
2R + w2uek = 5 + Y(V ¢ &) + jueVo . (5)
We can without loss of generality take the gauge condition
ok o cjuee , (6)
8
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which then gi’ves us the relation between the vector potential 1 and the cur-
rent sources J, if there are any:

':'ﬁ':‘
A S

A
LY

‘.’éb
A

. 3 l, I
D el
"’
'{"
e

(v2 + w2ue)k = -5 . (7)

Y

We may consider this vector potential X(I‘) as the generator of an electric and
a magnetic field given by

v
2 g =

L N &

e« 2 -".-
PSRN S

0, -.",‘.‘nr'x.

= ‘ls ’
Anae

Wil
«
0 r",l

B (¥) = -juuk(E) + E%E $[¥ - R(F)] (8a)

7
i

YA AR
L4

By (2) =¥ x R(2) (8)

YIS N
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%

P’

[
Ny

Now in a source-free region, such as within our concentric spherical
cavity, we have * E = 0; hence, we can have, independent of the previous

7

A fields, Nt
t 3
i34 B-xt (9) ey
Y Py
+»> . ’
> where the vector potential F gives rise to a solenoidal electric field. We TR
then obtain from the Maxwell equations a corresponding magnetic field, ‘ /
) S
B(E) = -juek(2) - Ve(Z) (10) *ﬁt
& Y
¥ AR ¢
X where \l’(f) is a scalar potential. ¥ and ¥ are related through E-.-.'-.
; A
, . =
h L P x ¥ x ¥ - wlpef = -jwuﬂ' ' (1) ':-*:\
’4 ““\-
" 1)
]:] or ‘alternatively through R
- LS N
: (v2 + w2ue)f = H(¥ « ¥) + juu¥y . (12) 3
} Again without loss of generality we can fix the gauge by N y
. >,
Vo F = —juuy , (13) :Q'
N N9S0L
4 and obtain for the vector potential F -
25 (v2 + w2pe)f =0 . (14)
¥
;: This vector potential generates an electric and a magnetic field within our
had source-free cavity given by
T By(2) = ¥ x (¥) (15a)
)
] o 1 &>
> fi)(%) = -jweB(¥) + — V[V « B(¥)] . (15b)
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- Since the fields generated by A and by % are independent, we have as the total
; fields in our source-free cavity the sum of the two contributions
\
. E(r_-)=-§><l-"(§)+—.1 P x¥xk , (16a)
o jwe
-:\
o
oA
3] and
N B(r) =% x K(3) + L T xF . (16b)
. Juu
>
:E\
}Q Now we can always decompose a vector field into a component trans-
-~ verse to the radial unit vector &, and a component along &,. We shall refer
N to the latter as the longitudinal component. Thus, the electric field at a
t; point within our cavity can be formally decomposed in this fashion as follows:
On
i B(2) = &,(3, - B(F)] - & ~ [& x E(Z)] . (17)
W
™ We shall now proceed to construct the total electric and the total
A magnetic fields within the cavity as superpositions of just such transverse
:, components and longitudinal components. This requires some arithmetic.
i Consider the specific vector functions ’
! > > .
- A(E) = 8a (F) ., F(F) = &,Fp(E) . (18)
N Note that it should not be expected that in general we can satisfy the rela-
L tions
50
. > > >
h{: &, o (V2R) =v2(3, - ) or &, - (V2F) =v2(%, - F) ;
that is, A, or F_ are solutions of the scalar Helmholtz equation. What we do
:? have, in source-free regions, is
.4
:ﬁ ¥ x ¥ xR - opeR = -jue¥e , (19a)
dq
E and
i} P x ¥ x¥ - wzueF = -jwqu . (19b)
—:;..
L From these we can find the differential equations that A (%) and F (%) must
$: satisfy. Let us work first with grhr' Now some arithmetic exercises are
necessary.
i
In spherical coordinates the gradient operator, we recall, is
3 eg 3" 32 3
-+
RS Rt TR e (20)
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Then from the following identities connecting the orthogonal unit vectors in X
o
cartesian coordinates and spherical coordinates, DS
& =&, 8in 0 cos ¢ + &g cos 6 cos ¢ - 3¢, sin ¢ , ':‘
-".\
Ey = 3:. sin 0 8in ¢ + 39 cos O sin ¢ + 3¢ cos ¢ , (21a) Sree
.k
&, =8, cos 8 - & sin 8 , ‘::-\
» > > . . > ‘t:
ey = ey 8in 0 cos ¢ + ey sin 0 sin ¢ + e; cos 6 , Ll
525
8g =&, cos 8 cos ¢ + cos 0 sin ¢ - &, sin 0 , (21b) L-Z‘E;
0 X 2z AU
3¢=-3xsin¢+3ycos¢, —
we find
+ > >
de de de
> > +> .;
deg deg > deg Fals
—_—= —_—=a-e — = @4 Ccos O (22b) RO
T T r v 35 "% ’ S
de de 3;¢ > . > :‘._ R
3;1 =0 , 332-= o, Frete -(er sin 8 + eg cos 8) . (22¢) o
ias )
N
In turn we find oy
sae  Zebc 9h  Bode B0, 0y 33 RS
> + > x r 9Ap $®r r ¢ /
ﬁ(erhf) =eer3r *Tr 38 *tT ¢ M* r sin 0 3¢ =% Ar o (23) A
S
and then &\
et
A
> »> oy
¥ x (rAr) = o % _rie ' (24) 2o

A

2y -2y

which we note is transverse to &.. Continuing, we determine V(¥ x &,A.), and
finally,

Ot

. «
5’. .4

2
¥ x ¥ x 4 - e ’-[—-—1-—-a—sinea—+ ! a]h ;}
(exAy) * r2 sin 9 39 30 y2 gin2 g 342 «(z)
;e ] (31\:) ;0 3 (3At> (25)
t— + —
r 38 \3r r sin 6 3¢ \3r *
"
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We thus have for our choice of K(?) substituted into equation (19a); that is,
¥ x ¥ x (8a,) - wue(@pAL) = -jueto

wlue

or the more explicit relation, with k?

>
1 L ) 132 2 +l (eea €4 a)
~er 2 [sin g a8 - " 3t sinZ 9 3¢2 tk ]Af(r) *\r 30 *rsinoe 39

3 (t) [ 2 [zea e a] » | (26)
* = -JNE{er 3r ¢+ T 36 T r sin © D 0(r]l

Then if we choose, as we are free to,

an (T
-jwed(T) =—‘—g—;)— , (27)

this, indeed, follows from equation (6); we will obtain as the differential
equation for A,

» [32Ar 1 3 ( 3“{) 1 32A,
e — |sin6 + +k2a .| =0 . (28)
’Lﬂ r2 sin 6 99 98 r2 sin2 9 3¢2 r

With the observation that

192 [(ﬁ)]_az Ar) 23 (Ar)
r a2 LN/ T2 \x *Toar\/ (29)

we can conveniently rewrite equation (28) as

LA
Lo
L ACS
o

.
N

Ar(¥)
(v2 + x2) —=0 . (30)

From equations (24) and (16b), we then conclude that A, the solution of the
differential equation (30), will generate a magnetic field transverse to e,.
This will be referred to as the ™ field solution in the following discus-
sions. In precisely the same manner, we can process f(?) of equation (18) and
obtain

3
AR

.‘,

PR

(v2 + x2) F(X)/r = 0 (31)

as the defining differential equation of the scalar function Fe(%). Also we
have as in equation (24),

;9 oF, Eﬂ IF,

E J
¥ x (8,py) =2 x % 2k 32
(er r) = r sin 0 3¢ r 360 ' (32)
which is transverse to Er.
12
MRS O IR PO e, . . ) o WA W . R
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Thus, F. will generate an electric field within the cavity which is
transverse to 3t and which will be referred to as the TE field solution in
what follows.

> Once again we change notation by defining two scalar functions ¢(;)
and W(t). such that

A(E) = H(ap/r) = 2y(E) (33)
and
F(E) = E(Fp/r) = 2o(F) . (34)

The electric and magnetic fields in terms of these scalar functions are

E(x) = ¥ x [re(x)] + E%E'ﬁ x ¥ x [zy(¥)] (35)
and
H() =¥ x [B(F)] +._;_v x ¥ x [Fo(2)] (36)

where the ™ part of the fields is generated by the scalar function w[ ) and
the TE part separately by ¢( ), and of course we have

(v - y2) y(E) =0 , (37)
and
(v2 - ¥2) ¢(¥) =0 , (38)
and where we choose to replace k by jy.
It is useful to write out explicitly the field components in terms

of the scalar functions w(f) and ¢( ). We have then from equations (35) and
(36):

2e(B) - 5z (55 - v2] [ew(D)] (39)

20() = - ;g o5 (3] + 3 L (D] (40)

2(2) - 1 35 [xo()] + T rais 5y (D)) (n

me(F) = o [a ][rO(r)] , (42)

1o(2) = 5o Lyl [e0(2)] + i 2 [m0(E)) (43)

%) = 3i ot agay (D] - £y ()] (0
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2,2 The Eigenmodes

As usual we take the scalar functions as products of radial and
angular function factors; that is,

V(E) = v(r)v(e,¢) (45a)
and
o(¥) = ¢(x)Y(8,9) . (45b)

From the forms of equations (37), (38), and (45), we find that we
shall have solutions of the form

vie)(#) = yp(r)Pyplcos 8) cos mp (46)
Wég)(;) = Yn(r)Pppl(cos 6) sin m¢p ,

and
¢88) () = ¢p(r)Ppp(cos 8) cos mp (47)
¢§$’(?) = ¢p(r)Ppplcos 6) sin m¢ ,

where n is a positive integer, m can run from 0O to n, and the functions Pom
are the familiar associated Legendre functions of the first kind.

The radial factors satisfy the differential equations

2
:_,2' [réntx)] - [”2 * n_(n';;;)'] [r¥n(e)] = 0 (48)
and
2
:? [r¢n(r)] - [YZ +n—(£r—;—1.l] [r¢n(r)] =0 . (49)

The formal fundamental solutions of equations (48) and (49) are the modified
spherical Bessel functions i (yr) and k,(yr), where the i, are singular at
r == and the k, are singular at the origin. Complete information concerning
the properties of these functions is available in the mathematics reference
literature.?

In the concentric spherical cavity, the region of interest excludes
the origin; hence, the radial factor must be a linear combination of the in
and k, functions, e.g.,

2a. Erdelyi, ed., Ch VII, Higher Transcendental Functions, California Insti-

tute of Technology, Bateman Manuscript Pr'oject, II, McGraw-Hill Book Co.,
Inc., NY (1953).
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lbn(r) = anin(yr) + Bnkn(Yt) ’ §--

!
where a, and Bn are independent of the radius r. ¥

-

Furthermore, since the fields must satisfy boundary conditions at t\}

the cavity walls, solutions of equations (48) and (49) can exist only for ‘.Q:

certain values of Yy, which we shall denote by Y and shall discuss in more t'
detail momentarily. We then shall have solutions of the form ~. 3t
=

w,(,gn),(?) = q,np[yl%“)r]Pm(cos 8) cos mp , (50a) ‘

k.- -

d Ac."-_‘,.
an :ni'.-}.
.'-."-,-:

‘Pr(\gn):(}) = Wnp[Yr(lg”t] Ppm(cos 6) sin m¢p (50b) N
satisfying st
-,

a2 » ™) . n(n + 1 > P

— [!‘W:‘p&(t)] - [72,‘,p ) 4 Ll] [tw,(,p.)(r)]- 0 (51) e

dr r2 b 2

?f::,‘*’:z.

and '.
(e) - (TE) o

’npn(f) ’np[ynp r]Pn-(cos 0) cos m , (52a) ?LE'

(o) (Ts) Wit

#$82(%) = bnp E’"" xjpm(cos 8) sin m (52b) NS
which satisfy 3?:
,< b

AN

o

.;‘2:2. [“,‘lp-’(;)] - [yz,g'!) + MIZL'—’-] [r¢,‘,p,,’,(§)] =0 . (53)

LI SRR
, ; !' L
g v

These scalar eigenfunctions generate, in turr, vector-field eigenmodes. Thus,
we have

‘&Q
55.;;8)(?) : F x [hr(fnl(f)] (54) ﬁ
( i ) +> + + :
En:-g (r) S #3 x ¥ x [r#,(lEZ(r)} (55)
(;:8)(;) z _j;_u§ x ¥ x [;Q,(:l(;)] (56)

ng,g;g)(t) = ¥ n,(,g.),(t)] . (57)
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In the above we have ma ? an thet attempt to condense the notation by defining 4}}f
for our vector field, V'‘J’ r » the convention that j = 1 implies TE modes j{yﬁ
and j = 2 ™ modes. :;;;
_—-

The vector field eigenmodes given in equations (54) and (55) form a N
complete orthogonal set for our cavity. The orthogonality is shown in appen- 'i-;
dix A. Any electric field within the cavity can be expanded in this set of k”:
eigenvectors. Thus, we may write .:}:
o

FORS T ¢ o 2 (3,0)2(j,0) > (i.e)x(j,e) =
B3 = 11 ) 1 (ke EROE) - Al ) (s8)

n=1 p=1 m=0 j=1

where, integrating over the cavity volume,

a(3:8) = f1f () 32 - B3Oy [,(,g,;, )] , (5%a)

where

32 = 11 aeelf¥r - 38 (90

We have, of course, the vector relations

7« 838« [ 2L -0 (60)
Vox ¥ x ﬁ,(,g,;,g)(f) + [Y,‘,g,’] (,?,l',m)(%) =0 ; (61)

and we have, in addition, the relations between the electric and magnetic
eigenvectors

o m]a ’(j'°)( ) . (62)

e . e
ﬁgj'o)(; = .—‘(—1-')"3 x ﬁgf;fno)(;) . (63)
i3]

P

Any magnetic field within the cavity similar to equation (58) can be
written as an expansion in the complete set of magnetic field eigenmodes of
equations (56) and (57). This in its turn can be written using equation (62)
as
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B e

\._, Gre) t
Yor @ ® n 2 v x ’ ( ) .
1854 s j.e) E1'1 )
Oy H = ‘-
) . (t) n}=:1 921 mgo qu {B" Y r(xg) ”
; (64) -
”
i (3,00 8 x BE(E)
+ Bnpm ' X
.“." JY(j) o
o " 2
,--‘\
where the expansion coefficients are given by .
': e e E
2 23 < a3 rr ) w2 - W3Ie) 3
S [A J.o)]‘2 (5.8) (65a) e
o Lnpm J . 23j,0)r> .
‘{\ JY(J) JI] ax ( ( ) ¥ x Enpm (z) E
N
o where N
2] .
éi .
%2 . e -
(33 - 11 wev) 3D - 858 (650) i
: | :
z‘{ We can quickly obtain a useful identity using equations (59) and ;
-;‘, (65a&b) which enables us to formally write
0t :
‘ Enj,e) )ﬁnJ.e) ) ;
{:: (r) = ]]I dt(r ) 2 1 m. { (j'e) :
e “ npm ] t
‘TN i
[ (:.o)] } ) -
npm L
X o @ (j *(j,e) N
WY > - no 2 JH, (r ) (r') X
% LORF RO NI l—” e :
{z n p J Appm ] ¥
i ’ y0) ]
, ﬁnj O)( )ﬁl(lgmo ( ) . ﬁ(:'] . (65d4) &:
.':'-/ (jIO)] 2
:’i npm fo
-Cj From these we obtain the statement of completeness §
N
o
]
2 ¢
e
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¥
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A ‘_;.E (B)E3a(51)

n=1 p=1 m=0 Js’

(66a)
(j'O) E(Jlo)
()nm ( ) -IG(;-;')
npm
and
w ® pn 2 "(Joe)( )"(J,e)( ')
n);l p=1 erO j;1 { [AI_(‘!J“':)
(66b)
*(j,0) (j,o)
N MOL G ) W R
[A(J »0)]2 ’
npm
where I is the unit dyad. We can show that
aMda ) =alin? (67)
and we therefore need conside }.y one set of normalization constants, which

we shall assume to be the
vector identity

The proof is straightforward using the

VeMxR)=he¥xb-f.¥xR (68a)
and choosing
mes Bl NE) 0 N=¥ B (E) (68b)

We get upon substitution into the identity and integrating over the volume of
the concentric spherical cavity

[1] ac(®) ¥ - [Biga (¥) x ¥ x &y ()]
= ] ax(®) ¥ x By (E) - ¥ < By O(F) (68c)
- ] ax(®) [Biga 2(E) - ¥ x ¥ x Blgy (B)] .

Rearranging and applying Stokes theorem this becomes

I an(3) 0= Bga ")+ ¥ x e (21 = g D) - (L)

walls (68d)
<0 x 408 - )2 010 () B8 - B O®)
Y, 18
3
:-*I oY *’*f‘

m«* Ted
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5 A
e The surface integral vanished due to the vanishing of E., on the cavity '::'.-:
o) walls. Then, by equation (62), we can rewrite this as .f;\:'.s
el e
g (3) >3, ) (3, ) x
j > } > i > . 3

I~ ‘[Ynga 12 [[] ar(¥) Hngﬁu (z) - Hngn'n (r) i:{:

» '-. A N \,
o (68e) %
‘v' N ’.-4.

= -[vid' 12 1S an(®) Bida '(2) - Eida '(B)

. ¥

LA 4

T
Ay A

. 8297

S
-y

from which the identity in equation (67) follows.

Wey13 demonstrated earlier that a dyadic Green's function exists for A3,

-

the geometry we are dealing with. This function is of consigerable signifi- b
cance. For the electric field, the dyadic Green's function EE(?,;-), which IORC

satisfies P00

[ 4

>
6 x 6 X aE(;.;') + YzcE(;';') = "‘is(; - ;.) ’ (69&)

-,
)

<y
}'{

is given by

bes LT 33 P [(MREIEEGLE]
’ ns=l ps] m=0 j-" 2 _ (j) 2
Y Ynp
(69b)

(j,o)]-Z} .::

.n,'
“

Ak

.‘f l"'
Pl AL

AL TG
¥2 - (Y,‘.%’)z Y

+

Pd

34. weyl, i}bet die Randwertaufgabe der Sttah{ungstheorie und Asymptotische
Spektralgesetze, Z. Reine und Angewand. Math, 143 (1913), 177-202. O
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As a demonstration we show that

Fs

>
Jif o) B(E) - [, x Byox Bl 20) + v2og(.20) + Bo(7 - )
concC. S er.

cavityp

] © n

L4 o[ s ) - @] 8RO k]

n=\ p=1 m=0 j=
(117 axte) ) - 3 @) 3@ b)) + [ - ()]
i ji ([l ety w2 - E,‘.g;,;.e’(‘r")]ﬁx‘x%f’(i)[ﬂ%ﬁe’] ~

- YZ 2 2
o e we - w3 e @0 a2 - (+2)7

+

n=! p=1 mz=0

+ [f] ar(E) E(Er)s(E - ¥)
= -B(E) + R(2F) =0 .

We note that the poles of the Green's function for the electric
field given in equation (69) are the eigenvalues or resonances of our perfect
cavity.

The magnetic field dyadic Green's function is given by
*> ® ® n 2
G .2') = - V 2J.e)2\a(jre) s, A(j'e)]-z
(i) - - 103 L (MR R @) ik
(70)

-2 ;
+ B (R0 (2) A,‘,g:.”] }*[72-(7,‘.352] ,

b
Y

Xnts?

which satisfies

x ¥ x é,,(?,?-) + y2é,,(§,§') - -%s(? -r) . (M)

BB
7
g AL

"7"
A

Having formally discussed the vector fields for the cavity, we proceed next to
a formal discussion of the eigenvalues.
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2.3 The Eigenvalues

. We shall discus only briefly the determination of the eigenvalues
Y!(IB) which yield the eigenfunctions ¥,,(r) and ¢,,(r). It is somewhat sim-
pler to consider the TE fields which involve the scalar functions n (r). At
the cavity walls, the boundary conditions that the electric fields are requir-
ed to satisfy are

Eg;nm(r = a) 2 0 = Eg;pp(r = b) , (72a)
and
Ep;nm(r = a) = 0 = Ey;pplr =b) . (72b)
Equation (40) then requires that we have
¢p(a) =0 , (73a),
and
¢p(b) =0 , {73b)

which can be satisfied if we take ¢,(r) in the form
on(r) = i (yr)k,(yYb) - i (Yb)k (Yr) . (74)

Clearly, equation (73b) is automatically satisfied. To satisfy equation
(73a), we must find the roots or, equivalently, those values of Yy for which

in(va)k,(Yb) - i (yb)k (ya) = 0 . (75)

In section 2.4 we shall go into great detail concerning the analytic
procedure for solving this eigenvalue problem. We shall see at that time that
there is a discrete, ordered infinite set of roots for each order n. These
roots, which we denote by y = jy,(u’,) for p =1, 2, «ss, lie along the positive
imaginary axis in the complex y-plane. For each of these values we obtain a

radial factor; i.e.,

Pnplr) = in(jyr(,;)z)kn(jy,(,;)b) - in(jy,(,;)b)kn(jy:,;)r) . (76)

The functions given in equation (76) used in equation (52) will
generate the corresponding TE vector eigenmode fields from equations (40)
through (44).

For the T™ modes, we need to determine the eigenfunctions ¥, (r)
which satisfy the boundary conditions given in equation (72). From equations
(41) and (46) we find we must have
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'g;-[rvnp(r)]]
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(77)
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These requirements can be met if we take Y (r) of the form
Yo(r) = i (yr)[ybk (Yb)]* - k (yo)[ybig (Yb)]* (78)

where [XZ (X)]' means differentiate with respect to the variable X. We
obgserve that equation (77a) is automatically satisfied. Equation (77a) re-
quires that we have

[vaip(ya)] [yoky(vb)]* - [vax,(ya)]'[ybiy(YD)]* =0 . (79)

We shall see in the following section that this relation will be satisfied
only for an ordered infinite discrete set of values y = Yn for p =1, 2,
ees, for each order n. The physically meaningful roots lie a on?zghe positive
imaginary axis, just as for the TE case. Each such eigenvalue an gives rise
to a radial factor function, i.e., ’

¥nplr) = in(jv,‘,g’r) [Yr(:g)b kn(j7r(l£2>)b)]

- k(320 [ 1o 2] -

Punctions given in equation (80) used in equations (50) generate the corre-

sponding ™ vector eigenmode fields from equations (39) through (41) and (43)
and (44).

(80)

Next, we briefly discuss the effect of a lossy dielectric on these
eigenvalues and on the corresponding vector eigenmodes.

2.4 Effect of Lossy Dielectric on Eigenvalues and Eigenmodes

By allowing the dielectric to have a finite, isotropic, homogeneous,
frequency independent, linear conductivity, we can account for the effects of
a lossy dielectric filling the concentric srherical cavity. We now have

3(t,¢) = of(Z,t) . (81)
22
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The Faraday's Law and Ampere's lLaw eguations can now be written

-

-
E‘\
14 )

¥ x 'f:(;,t) = - ﬁ%—)- ' (82a)

¥ x B(T.t) = ok(r,t) + ¢ 3?&%%51 ' (82b)
from vhich we obtain the relation

ue Ef%%ééfl + op Eﬁgélil + Vr x Gr x E(;,t) =0 . (83)

Since we have the same boundary conditions for E(%,t) to satisfy, we
can expand it in the same complete orthogonal set of electric eigenvectors
given in equations (54) and (55). Equation (83), then, is equivalent to

® = n 2 2,y 2E(T'.t)
n)é1 921 m=E=0 j£1 [ve [f] ax(z) at?

.‘“@n DEE) | B “”“"+WJUdﬂ ) BlE)

[as3ne))2 lasdae’)2

- j. +(3,e) *(3.0) +(].o)
‘ A GRL AL GO G )}wu ax(t) EEon)

(2nda®'12 [n.‘,g::’
e (F)Tedodida) (1) | L GOt dd)E)
(a2 P

1f we dot through with, say, ﬁé]é.&.(f] and integrate with respect to ¥ over
the cavity, this reduces to

e 2 [ ax(F) BEe) - widh '(3)
sou 3 [ff ax() E(t,¢) - B )(3) (84)
- [v&2p12 J1] ax(®) < M) -0,

where Y, is the zero-conductivity value.
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Assuming time dependence of the form eJ¥%t, where

w =Wy + juwy (85)

we can solve for the real and imaginary parts of the frequency. Equation (84)
then becomes

uew? - jouw + [yé?,),p]z =0 , (86)
where
Yé?r)xp = j‘“’o,np'/.“—e ' (87)
and “’o,np is the eigenfrequency for ¢ = O:
Wnp = Yo, np /- (E,#'np—e)i’ +352 - (88)

Adopting the conventional notation for the quality factor Q of the
system, we define for the complex eigenfrequency, when o # O:

_ Wo,np€
Qaiel,np —(; . (89)

Then we rewrite the eigenfrequency for a simple lossy dielectric
filling the cavity as :

_ 1 +3 Wo, np
( ZQdiel, np)z sziel, np

Wpp = Wo,pp ¥ . (90)

The imaginary part of the eigenfrequencies introduces a constant uniform
damping factor over the entire cavity volume, namely exp(-ot/2e), independent
of frequency. This same damping is applied to every vector eigenmode, As the

e conductivity of the dielectric increases from zero we note that not only does
ﬁ’_;{j: the damping factor become stronger, but the frequency of oscillation decreases
MAS for each eigenmode until it eventually becomes zero at ¢ = 2ew°,np for the n,
e path mode.
ls
) The trajectory can be quite readily established for the eigenvalues
!I'T- w in the complex plane as the conductivity increases from zero. Multiply
,;.{: equation (90) by j/“’o,np to get

Yo, np ( 2Qdie1,np)2 2Qaie1, np

“
W,
Jule
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- Yo,np _ g
*np = 203je1,np 2¢

and we can write equation (91) as

2
(e} o /4 - (Zne -<ﬁe_>
Yo, np, Wo, np, Yo, np

which we can rearrange to

2
N enp \ _ o Fap \] L/ L (Ko ) (92)
3 We—— 3 m
Yo, np Wo, np o, np,

From this relation we conclude that each eigenfrequency starts out on
the positive imaginary axis at zero conductivity. As the conductivity in-
creases, each eigenfrequency moves along a quadrant of its own circle in the
complex plane with its center at the origin. At ¢ = Zewo'n , the eigenvalue
reaches the negative real axis and all oscillatory temporal behavior ceases.
All fields at this value of 0 merely damp out exponentially with time.

Thus far we have considered only the effect of a simple lossy di-~
electric on the cavity modes. In a subsequent report we shall extend the
discussion to include the more realistic case of finite conductivity for the
boundary walls.

We now proceed to a detailed look into the method used to find the
eigenvalues explicitly.

3. ANALYTIC AND NUMERICAL DETERMINATION OF THE EIGENVALUES

3.1 General Range of the Eigenvalues

We shall now present detailed analyses of the methods used to deter-
mine the numerical values of the eigenvalues Y J) for a nonlossy dielectric
within the cavity. The effect of a lossy dielectric has already been dis-
cussed. The analyses to be presented are quite tedious. Nevertheless, it is
significant to discuss this in some depth, if only to put proper perspective
on why the concentric spherical cavity problem has only now been resolved in
detail. In our investigation of the eigenvalue problem, we evaluated all
those Y's such that Yng € 20 for n = 1 through 4 in the TE case (j = 1) and
for n = 1 through 5 in the ™ case (j = 2). For the nonlossy dielectric the
physically acceptable solutions for the eigenvalues lie along the positive
imaginary axis in the complex vy plane. This will become evident as we proceed
through the following discussions. The eigenvalues are determined as func-
tions of R, i.e., the ratio of inner to outer radius.

25



3.2 The TE Eigenvalues Yéé)

It is simpler to begin with the analysis for the determination of the
TE eigenvalues. We indicated earlier that for j = 1 we need to find the roots
for the functional relation in equation (75), which we repeat here:
ip(va)k(yb) - i (yb)k (ya) = 0 .
For convenience, we introduce the notation
jx £ ya , (93a)
jy £ Yb = YRa = Rjx , (93b)
and hence what we seek are the values of x for each value of n such that
i, (3x)k, (3Rx) - i, (JRx)k,(3x) = 0 . (94)
Note that from the properties of the modified spherical Bessel functions,
equation (75) will only possess roots along the imaginary axis in complex

conjugate pairs. Only those on the positive half of this axis correspond to
physically acceptable solutions for our cavity modes.

.\.,..,_.
s
L

|

.

YN
Yy

4 o]

3200 me y{D®

¥
" .ls'

a2
C4

LAY

s

.
-,
.
-
y

For n = 1 the explicit modified spherical Bessel functions are, for

L%
s -
XA

real x,

sinh(jx) _ cosh(jx) _ 5 sin x _ x)
(3x)? ix x2 '

: 1 1 : .
. _ -J)xX _ COS X sin , /81N X - cos X
ky(ix) = e ((jx)z + _(jx)) = ( 2 + " ’() + J( 2 - ) .

Substituting these forms into equation (94) for n = 1 gives

j,cosx+sinx)siny_cosy) _(sinx_cosx)(cosy+siny)} -0
%2 X y2 b4 x2 X y2 - Y

Note that the real part of the expression is identically zero. After some
algebra, we can rearrange this to

1 1 1 1
(37 ) ot =) - (G ) om0

i1 (9x) =

or even more conveniently to

tan[(1 - R)x] = (1 - R)x/[1 + Rx?) = £,(R;x) .
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It should be clear that our problem of determining the eigenvalues
here reduces to finding the intersections, for given R, of the rational frac-
tion f,(R;x) with the tangent function. We shall see that this will indeed be
the case for all orders ry The %nterse?t§ons can be uniqguely ordered in
. . . (1 (1 1
increasing value, i.e., x1'1(R), x1'2(R), x7,3(R), o0

We further observe that since

£1(R;x) = (1 - R)(1 - Rx2)/(1 + Rx?)2 , (98a)
£1(R;0) = (1 = R) , (98b)

we have both the tangent function and its derivative, respectively, coincident
with f; and its derivative at the origin. We further note that f, is never
negative and, furthermore, goes to zero asymptotically with x + «, The only
zero of f] occurs at

Since f, starts at the origin, goes positive, and ultimately goes

to zero as x + «, equation (99a) locates the one and only maximum for £q,
where we have actually

1 -
£1(Rixg) = 172 </—_— - /'ﬁ) =120 =R)

R /R

Also, we readily find for Ry, > Ry,

1Ry > 1Ry,

£1(R1sx) (1 - Ry) (1 + Rpx?)

£1(R2ix) " (7 -Ry) (1 + R x2) > !

because 1 - R2 < 1 = R; and 1 + R2x2 > 1 4+ R,xz. Thus, we see that as a
function of R for fixed x we have

f1(R«'}x) > f1(R2;x) > f1(R3;x) > oo for R1 < R2 < R3 ’ (‘0%)

and the maximum value occurs earlier for the larger value of R. We illustrate
this in figure 2. Note (1 ~ R) is the initial slope at the origin. We now
know all the essentials of the characteristics of the family of functions
f,(R;x)e Let us examine the family tan(1 - R)x in some detail. For a given R
this function has singularities at

R S R ST N U 0 TR T
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L 1
xm(R) = (2m - 1) 3-(—1_‘6 for m =1, 2, se0 v (10ta)
and zeros at
Since
! < ! for Ry > R
1 - Ry 1 - Ry 2 v

we find as usual that as R increases the singularities and poles move out
along the x-axis. This behavior is illustrated in figure 3 for x > 0. Now we
are familiar with the one-parameter family tan(1 - R)x. The slope of tan(1 -
R)x is (1 - R) > 0 at x = 0 and increases with x to become infinite as

> —T
X321 -r) °

On the other hand, f; =1 - R at x = 0 and decreases as x increases to become
zero at x, = 1/R. But to order x3

3
tan(1 - R)x » (1 - R)x + (1 - R)3 %—

£1(R;x) » (1 - R)x - R(1 - R)x3 .

U W W

Figure 2. Rational fraction function f,(R;x)
used to find n = 1 TE eigenvalues for values
of ratio of inner to outer sphere radii Ry <
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Figqure 3. Family of tan(1 - R)x for Ry < Rye

Hence, for x just greater than zero, f,(R;x) lies below the tan(! -
R)x function. This is the relative position of the two functions as x in-
creases out to the first singularity of the tangent function. Thus, we con-
dwemntmenlwnommmwumofuMI-RMaMf(bemx(
1/2(1 - R); i.e., before the tangent attains its first singular1ty. Further-
more, the tangent function returns from -« at

n

X =20 - Rr)

‘and remains negative as x increases until x = /(1 - R)s The first cto§sing
of £4(R;x) with the tangent then occurs at x > w/(1 - R). Actually, x11 (R)

will occur between x = m/(1 - R) and x = 3n/2(1 -« R), where the tangent is
increasing with x from zero to +4e. All further crossings will occur on the
arcs of the tangent function where it is positive; i.e., x,1 (R) will lie in
the range pn/(1 - R) < x < (2p + 1)n/2(1 - R) forp=1, 2, .... For a given
ratio R as p increases, the crossings are approximately periodic with the
period of the tangent function. The larger the values of p, the closer this
periodicity becomes. Since the tangent function essentially spreads out with
higher values of R, the successive crossings occur at larger intervals. We
have already noted that f,(R;x) flattens out as R increases. Then we conclude
that the crossings will occur closer and closer to the zeros of the tangent
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function with increasing R, which we have already noted are periodic in x with
increasing period as R increases. The details of the behavior of the x%')(R)

are rather nicely depicted in figures 4 through 12, which show the two func-
tions foi1§(out to 20 and for 0.1 { R ¢ 0.9 in steps of 0.1. Note that, for R

= 0.9, x77°(0.9) occurs beyond

= 10m > 20 ,

x = —
1 -R

and also the tangent attains its first singular value at

L

=2—(1-—:T)'= St = 15,7080

X

(see fig. 12), which is the only singularity or zero in the range of x to ey
which we have restricted our interest. }ﬁ,.
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(1) D
.‘: 3.2.2 The Y2P (R) ‘::.:}
Lo The modified spherical Bessel functions for n = 2 are u
I
( 1
: i5(5%) = 3 ., _1 sinh(jx) - 3 cosh(jx) _ 3 08 X _ 3 _1 sin x| , T
2 (3x)3  Ix (3x)2 x2  x3 X 4
Y (102) H
-3 3 3 1 3 1 3 cos x e
e k2(jx) = e ¥ + +.—]=[(—-—)sinx-——— :
N 2 ()3 (3x)2  IX x3 X x2 .4
. (103) -

aL s

+._______3sinx+ 3—-1 cos X
) x2 %3 X !

which give for n = 2 in place of equation (94), upon substitution and simpli-
fication,

. L o
c&cljl -

.J|13 cos x 3 1 . ][3 . 3 1

Cal = —— - —— e — — — - —

o 0 3[[ 2 (x3 x) sin x yZ siny + y3 Y) cos y]

:.J (103a)
\.:, 3

.~

- -[3—c°s—y-(2—-l)siny]—sinx+(3——-1—)cosx’ .
X Y2 y3 y x2 x2 X

5 We note again that the real part of the expression is identically zero. With
™ some algebraic exercising, this relation can be put in the form

N
%)

3 1}/ 3 1 9 .
[ 5 ;)(y—a - ;) + x2y2] sin(x - y)

103b

, B -5 -] e -n -0 (103)
x \y3 Y y2 \x3 x) !
o or, in turn, into the more convenient form
N .
:": - R)x(1 +3 xz)

1 - (R =R+ )3+
‘
"3 Again, as for the previous case for n = 1, we have reduced our
:_'i eigenvalue problem to determining the values of x&”(R), which now correspond
5 to the intersections of the tangent function on the left-hand side of equation

(104) with the rational fraction function f,(R;x). Consider the denominator
of £5(R;x). We immediately see that

32

YA ST SN
- -

v ™ o«
SLERL R ACRARERAN

N ROL OO LN

" ", PO O \.\‘

ST,




T T T T T N T TG T T T T

S

(a) For R > R, = (3 -/5)/2 = 0.381,966, the denominator is posi- 'f'l:'
tive for x > 0. In turn, f,(R;x) will be non-negative; starting at zero at
the origin, it will at first increase with x. As x + o, f, + 0 asymptoti-

A?T
L

{ cally. &1

-: (b) For R = R, the denominator has a double real root at j:(".;-
S '_-:':‘
) x(R)) = x, = /3/R° = 2,802,517 . (105) o]
‘s o

It then follows that fz(Ro;x) is non-negative starting at zero at x = 0,

: becomes infinite at x,, and also goes to zero asymptotically as x + =, s
S
< (c) For R < R,, the denominator has two distinct real positive };‘4‘
o' o
» roots at e
T hCRY
e x_(R) = /3(R2 - 3R + 1)/2R? ‘1 -/1 - [2r/(R2 - 3R + 1)]2}1/2 / (106a) 2
: , 22
N x4(R) = /3(R2 - 3R + 1)/2R? '1 +71 - [2r/(R% - 3R + 1)]2,1 2z, (106b) e
. ¥
2
= where we should note that x_(R) < x, < x,(R) and that as R + R, ;\)
, N
i*
- r.‘:ﬁ
) x4(R) - x_(R) = 2/3(R2 - 3R + 1)/2R%2 /1 - [2R/(R% - 3R + 1)]2 » O (107) ;;$
L .
! e
l. because the right-most factor vanishes in this limit. The function fZ(R;x) R
(Y starts out as zero at x = 0, becomes positive, and increases as X increases at o
X first. f, » @ as x + x_. It is negative between x_ and X, As x increases '.\\\.
Ly, from x_, fz returns from -, then again goes to - as x + X, For x > Xyr fz A

returns from 4o to eventually go asymptotically to zero as x + ®, For x > X »

. +I
£, > 0. ,
. 2 .‘;n 4
" i
1 One further consideration is the case for R << 1. Here we find x_ nin
’ ~ Y3 and X, " E/R >» 1. ::’.-:
- ST
3; We have thus located all the zeros and singularities of £,(R;x). D
M Additional information can be obtained from fé(R;x), which is p
: I UL L) (GO CRR) CTO R JCT0) S i
. 1 -R 2 {1 - (R2 - 3R + 1)(x2/3) + R%(x2/3)2}2 o
. “
v ::'--
Note that the denominator is never negative. For case (a), the denominator ‘ 3,
has no real roots. Upon simple test, the numerator which is a cubic in x2 e
e reveals that it can have at most one real positive root for x2. Since the -
! function f, initially has a positive slope near x = O and a negative slope for ‘;3: ;
large x, we conclude that there is one and only one real positive root for e
)
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£5(R;x) in case (a). Thus, for case (a), i.e., R > R,, we see that £,5(R;x)
behaves essentially like £4(R;x), which we examined earlier. Now in case (b),’
the denominator of £, has a double root at x = o¢ Consider then the
numerator in equation (108). It also has only a single root which occurs at x
= /37?;, and hence we can write

, x2 R $\2 A2\3

1 + |R T1H—) - R (R + 1}{— - R~ X

| (82 + 1)) - molm + (5] - myf \
f'

. v

——— £3(ryix) = ‘

1 - R, x2 _ 1% (r)*
I 'Iq o i
N
X
[3
x2 1 x2 | RZ + R, + 1)(x? 1 >

- + | —— + —

3R, 3 R2 3 R2 b
= =R_ X o o - -
° 2 1\ [(2) 173 .,
I ﬁ; -3 - ﬁ; 2
We see that fé(Ro;x) is singular at x = ¢37§°. Also for x < Xoe fé(Ro;x) >0 ;

and for x > x, fi(Ro;x) < 0. Since f;(Ro;x) has no zeros for x # x_, it is
monotonic on either side of X, Next we must give further effort to examine
f£5 for case (c), where R < R,. Again the numerator in equation (108) has at ;
most a single real positive root. This must "occur somewhere in the range &
X < x < x,, where fé has to change from positive to negative to permit f, to
behave properly there. In figqure 13 we illustrate fz(R;x) for R < R,.

- T,

-\-'%!4}.\.\.- -

P (R,

Figure 13. Rational fraction function f,(R,:x) ;
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N
\)
;kj Next we consider the crossings of f,(R;x) and tan(1 - R)x. In the
«'\ neighborhood of the origin, the terms to order x° of the series expansions of
S these functions are given by
3 <5
i":\ £2(Rix) = (1 - R)x + (1 - R)3 l;— +5{(1 -R)®> - R(" - R)R? + (1 - R)]} =
NAY
o and
‘,\
3 .6 545
tan(1 - R)x = (1 - R)x + (1 -~ R) 3 +~z§-(1 - R)’x .

Subtracting coefficients of the x° terms, we find for R < 1 that the differ-
ence is

6 5

= 0 -rR® - {0 -Rr® - RO -R)R? + (1 - R)]}
- 5

U =R L IR -R)[R2 + (1 -R)] >0 .

45 9

We conclude then that f, lies below the tangent function in the neighborhood
of x = 0. For case (a), R > Rqs the story is essentially that for the TE, n =
1 case. In case (b), where R = Ro we have

2
£a(Rgix) = (1 - Ro]x(1 + ?— xz)/(1 - ‘;—""- xz) .

The first singularity of the tangent is at x = %/2(t - R)) =
2.541,602, wvhich occurs before xo(Ro) = 2.802,517. The tangent, after x
increases beyond this first singularity, is negative out to n/(! - Ro].-
5.083, 203. Thereafter, it becomes positive and increases with x. Then in
case (b), the first crossing occurs after x = 1l/(1 - Ro)' where f£,(R;x) is
decreasing from 4+~ and the tangent is increasing from zZero to its next singu-
lar value at 3wn/2(1 - Ro). This is illustrated in figure 14. The successive
crossings will occur on the su???ssive positive-going arcs of the tangent
curve. The higher order ones, X2p (Ro)' will occur at close to the period of
the tangent curve.

5

" Finally, we have a look at case (c), where R < R,. Again, f£,(R;x)
o and@ tan(! - R)x coincide and have the same derivatives at the origin. 1In the
\::I neighborhood of x = 0, we showed that tan (1 - R)x sits above f,(R;x) and both

functions are positive and increasing monotonically until they become singular

at their respective singular points. Let us compare the series expansions of o
the two functions: K

e

6 e

—— L ean(t -Rx =1+ (1 -RZ22 + 2 (1 R, (109a) £

1 -R Aax 9 o

/_a_'&‘g"d
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and

%ﬁ%fz(k;x) =1+ (1 - R)2x2 +%{(1 - R)* - R[RZ + (1 - R)]}x* .

(109b)

From these we observe that the tangent is increasing faster than f, and hence
will continue to lie above f, until it reaches its first singular point,
7 /2(1 - R). It will then go negative and there will be no intersection out to
x = x_(R). Over this range of x, f,(R;x) is positive and increasing until it
goes to +» at x_(R). For those values of R g R,, such that x, (R) < 3m/2(1 -
R)t1fhete will be no intersection for x ¢ x, (R). The first intersection
x31 (R} will occur just before x = 3u/2i} - R), where both f, and tan(1 -
R)x are positive. Consecutive crossings xzp)(R) will then occur on the posi-
tive-going arcs of the tangent curve with almost the periodicity of the tan-
gent function itself. (Fig. 17, shown later, is a good illustration of this
behavior.) For larger values of R < R,, when x (R) occurs for x > 3n/2(1 -
R), the first crossing x&} (R) will occur on the negative arc of the first
branch of the tangent after its second singularity. Successive crossings will
occur on successive negative arcs of the tangent out to x, (R), since f,(R;x)
is negative between x_(R) and x,(R). Thereafter the curves will intersect on
the positive-going branches of the tangent curve with nearly the periodicity
of the tangent function. These intersections spread apart with increasing R,
as is clearly illustrated in figures 15 and 16.

/I\ 12(Rg:X)
éﬁ .
& / \
3+ /
o
N yd
- Xo - '#L X
#/2(1Rg) N x;'1(no) 37/2(1Rg)
&

Figure 14. First crossing of f,(R,;x) and
tan(1 - R )x at x$1(R,).

Figures 15 through 24 show ??? details of the f,(R;x), tan(1 - R)x
and the location of the eigenvalues x (R) for x $ 20 for R = 0,05 and for
0.1 SR ¢ 0.9 in steps of 0.1, Althougg these illustrations only cover cases
(a) and (c), the above discussions serve to round out the entire picture for
determining the TE, n = 2, eigenvalues.
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3,2.3 The y:g;)(n)

The modified spherical Bessel functions for n = 3 are

15 6 1 _. 15 1 ..

ij(jx) = -[ + sinh(jx) + [—-—— +.—] cosh(jx)
303 G (3x02) . (303 3% ’

s -3 5.8 sinx--E-l cos x

- & 12 x3 X !

(110)
-jx[ 15 15 6 1] [Cs 6 15 1

k3(ix) = + + + —| = |{— - =] cos +|l—-=
3x) = e Lsx)* (%03 (3x)2 I v x? e T

xsinx]-j[(-!—f—-sz—) sinx-(‘—?—-;‘(—)cosx] '
X X
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,js which give, upon substitution into equation (94), and some simplification, .;:
~:: o
AN
1 15 1 . 1
(- 0 =3 5 _6)ginx-(LB_1 cosx] —3—-% cosy+(—3——\31ny t
Xt x? x3 X VAT y Y NG
% Sy
4 15 1
~ - A2 - & s AL B _8) cos x + (2 - 1) sin x . A
Again we see that the real part of the expression vanishes identically. As P
; before, we perform some algebraic rearranging of this relation to the form 'i:‘
5 =
5 S
5 15 _6\(15 6\ , (15 _1\15 _ 0\ oo ooy (18 o 1\(5 6 I
s 2\ T2 RS | W Y R | WP o
N
15 6\ /15 1 e
X -{—-=}{—=--=}] cos(x -y) =0 o
R (X" x2> (¥3 Y)] ' e
S L
e~ N
o or again to the preferred form, i
. - - R2y2 2 - ) .:r_i.'
T~ tan[(1 - R)x] = {x|(L3 ) _ r(2-Rx /3{1 + Re? 115 - x2}f15 - R x.]) . s
o 5 - 2x2 5 - 2R2x2 9 |5 - 2x2||5 - 2r2x2] P
- )
o e
J‘\ A
)oN (111) e
L :;i
{: Once again the eigenvalue problem is reduced to determining the Si
,Q values xgg)(R) at which intersection of the functions tan(1 - R)x and f3(R;x) iﬁ
N occur. N
. it
'

We can write f3(R;x) as a ratio of two polynomials:

o 3
+ 3(1 - R)x[75 - 5(1 - 5R + RZ)x? + 2R2x%] sy
e f3(R;x) = 3 . (112) oy
* 225 - 45(2 - 5R + 2R2)x2 - 3R(5 - 12R + S5R?)x* + R3x6 ]
> The denominator considered as a polynomial in x? indicates that the
5 maximum number of positive roots is two for x2. This in turn tells us that Sa
-:'. there can be at most two positive real roots, x_ and X,+ For small values of -
- R this is indeed the case. At these values x,, f1 becomes singular. Since ‘
2 the numerator and denominator are positive for small x and very large x, fq -.:';.
- will also be positive for these ranges. Just as in the TE case where n = 2, NN
== as R increases, x, and x_ move toward one another and at some value R = R_ we | 1

- have a single real positive double root in the denominator. Thus, we will :.\
\::- have a considerable amount of behavior of n = 3 that closely resembles that .'r:‘_‘.
:._—f for n = 2. Here we have an additional characteristic, namely a numerator in ‘,.
" equation (112) that can have at most two zeros for x > O. This will somewhat e.‘
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Thus,

n = 2 type of behavior.
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figure 25 shows the behavior for the small value of R
see in this illustration that f3(R = 0.05;x) has a zero x_(0.05) in the denom-
inator below x = 2, and £, is very close to tan(l - R)x all the way out to
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~§3 Fig\ﬁ'? 36. Generating functions for Figu:i'e 37. Generating functions for N %
e v§p) with R = 0.80. ygp) with R = 0.90. :'l
s In fact, if we expand f3(R;x) and tan(1 - R)x in a series in x -
_': about the origin, they agree exactly up to terms in x>, Figure 26 is an A
¢ expanded look at the region 0 ¢ x ¢ 2.00, We now see that £3(0.05;x) lies ;-‘(
e below tan 0.95x out to x = %n/2(0.95) = the first singularity of the tangent; ™~
:',_/ fy is positive over this range. The tangent goes singular first. Shortly z
A thereafter, f3(0.05;x) goes singular to +» at x_(0.05) (between 1.65 and b
d 1.70). The two curves fail to intersect, as can be seen in figure 25, until J
-\"' the tangent is positive and going to « beyond 2n/(1 - R) = 6.613, where f3 is A
ft" als) positive but decreasing. It is evident that the numerator of f3, and -
hence f3 itself, has a root at x just below 5.0, and f3 > 0 for R = 0.05, but &}:
e is small all the way to x = 20. The succeeding intersections x3;)(0.05) for p s
< = 2, 3, and 4 occur on successive positive-going arcs of the tange?t and again .
s are almost periodic with the period of the tangent; i.e., x3;3_1 (0.05) = ;
_:.-: xgn(0.0S) = 3,3, Figure 27 shows the properties for R = 0.10. Now we can v.
Iy just barely discern the two zeros in the numerator of f3 which cause fi to o;';,
2 vanish. These zeros occur at ?)’r'
A Xo_ = 6.784408 , and x,, = 9.026174 . b’
' I . -
¢‘: Between these values of x, f3(0.1;x) is positive. As can be seen in figure 27 3
:‘:'ﬂ. and the enlarged views of figures 28 and 29, the first intersection xg} (0.1) ‘,_.
o does not occur until about 6.98, which ig very close to 2r/0.9, the third zero E:t
::\ of the tangent in our range of x. The next three eigenvalues occur on the »
o negative branches of the tangent just before the tangent passes through its
s zeros. Note in figure 28 just how close the two functions £3(0.1;x) and P
:.: tan 0.9x are to each other. N
> X
1':: As R increases further, the two zeros of the numerator move closer '
'.t--: and eventually merge into a double root of f3(R;x). At the same time, the two N
roots of the denominator move toward one another. Further increasing R causes :
-~ the numerator to become completely non-negative, as can be seen in figure 30 —
'.-:j. for R = 0.20. Between the two singularities of fi, the intersections occur on ‘
AN the negative branches of the tangent. For R = 0.20, we observe the first 5
ey eigenvalue occurring before the tangent function crosses the horizontal axis ;
-j:f-f the second time. The corresponding eigenvalue is slightly higher than that '_
‘i .
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for R = 0.10 since the tangent has been stretched out along x. After the O
second singularity in f3 is passed, the intersections occur along the posi- Lo
tive-going arcs of the tangent just before the tangent goes singular. A
Increasing R still further causes the two singular points of ,t_';,w
f3(R;x) to move further toward each other, as can be clearly seen in figures o
31 and 32. 1In the latter case, where R = 0.40, we note that the two roots of :b::'
the denominator of f3(0.40) lie between the first two singularities of the :.,1“.:
tangent; hence, the first intersection occurs beyond the higher value of x f:'i:'
where f, goes singular. The eigenvalues behave now in a familiar fashion. oy
777
Further increasing R eventually causes the two singularities of £ :'ﬁ-.'_::
to merge into one. Thereafter, increasing R, as can be seen in figures 33 T
through 37, the singularities are gone from f4{R;x) and we again have the same s
characteristics that we found for £, (R;x) and for the eigenvalues in TE, for n N
= 1. -
3.2.4 the v{!)(r) N2
— T4p ,..:::.
AR
The last TE order we will consider explicitly (and thus only in a t:.'::.
limited fashion) is that for n = 4. Here we have for the pertinent modified R
spherical Bessel functions, ~
peote
s
ig(ix) = 1055 + 453 +-.—1 sinh(jx) - ‘!05“ + 2 3 cosh(jx) :\:‘.‘-
(3x)5 © (3x)3  Ix (3% (3x%) -
".':\
= (A2 .4 +l sin x - 105 10 cos x () e
S B X & x2 !
and ',‘_:-.
et
N
- LY
kg(jx) = e % 1055 L 105, 453 . .102 +._1] g
(3x) (3x)*  (3x) (3x)2  Ix o
105 10 105 45 , 1 ' M4 Yo
s\— - =) cos Xx -{— - —+—]8in x ‘{.p.-
%2 » x3 X e
\‘:1,."
[
_j_1055_4_5+l cosx-o--——‘of--‘-g sinx] .
X x3 x x x .-
Substituting into equation (94) we get -:_.};::
105 45 1 105 10 105 45 .1 SRAN
0= — -—F+-)8inx -[{— - —) cos x||]|— - — + -]} cos
j[( x> xd ") ( x* xz) ][( y ¥ ’) d
\!
\w"
+ (——105 - ‘—zq) sin y| - [(_10: - % + l) sin y - —103 - E) cos y] NN
A y> y3 ¥y A N
‘I
‘\ ¥
X-‘-‘E--‘—s+l cos X + 1—03-2 sin x . «v‘
x5 x3 x ™ x2 =
43 e
o)
O
a2
NGRS
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3 el
- * f..-.‘
A o
Ry
N Ry
: Once more we observe that the real part vanishes identically. This can be t:‘.:
z rearranged to e
D :\:"
{ 105 45  1\/105 45 1 105 10\ (105 10 o
. — -+ —=-=+=)+ |— - =}|— - =} sin(x - ¥)
< [( © o X\y ¢ ¥ A AN A G Y 1)
<
- 105 10\ /105 45 1 105 _ 10\/105 45 1 oye
"’ -l - - — + - _— - _ - + —}] cos{x -y) =0 hORY
e [( P xz) < Y5 y3 y) ( y'# y2)( S x3 x)] ’ h :
. and this in turn can be brought into the form R
".'_ v-v."-‘
- *
. 105 - 10x2 105 - 10R?x? RS
Jon tan[(1 - R)x] = {x - R S&
Y 105 - 45x% + x* 105 - 45R%x2 + R*x* oo
. _
" # {1 + Re2(105 - 10x?)(105 - 10R?x?) + (105 - 45x2 + x*)(105 - 45R2x2 + R"'x")]l =
.' A -, 3
. (115) t-j ]
s = f£4(R;x) vy
* .-»
;} which upon simplification is a rational fraction whose numerator is a polyno- '
) mial of degree 7 whose denominator is a polynomial of fourth degree in x2.
-.: The coefficients in these polynomials are of course functions (i.e., polynomi- L
N als) of the ratio of inner to outer spherical radii R. 1ot
‘ For small values of R, the denominator will have four real positive
e roots. If we examine figure 39 for R = 0.05 we can see the two smaller of 2\'\
4 these which correspond to singularities of f,(R;x). In addition, the numera- ":k
5\, tor goes to zero at four real positive values of x. This occurs for R <« k;:\
¥ 0.05. As R increases, the two zeros lying between the inner singularities of 23;
f4(R;x) merge, and by R = 0.05 they are gone, leaving only the innermost and —
A outermost zeros of f,. The two functions f,(R;x) and tan(1 - R)x lie ex- A
J tremely close to one another for x values out to the first positive zero of f 4 i}\-_ ¢
£ as can be seen in figures 38 through 43. The latter of these is for R = '{..,
3 0. 40. Figure 39 shows a magnified view in the neighborhood of the first “~
;: singularities for both functions with R = 0.05, which shows rather dramatic- &-
ally how close the two functions are indeed. Fortunately, this figure also =
R shows f£,(0.05) 1lying below tan 0.95x as x increases from zero, the tangent N
,:: going singular first and the relative positions of the two functions reversing i.-::
o as x increases beyon% She singularities. Then, in figure 38, we can note that )
'.; the first crossing x41 (0.05) occurs beyond x = 7. 50 ,-just before the tangent
B goes to 4+, The remaining eigenvalues for x ¢ 20, x4 (0.05), occur one after .
the other on the negative-going arcs of the tangent, as can be very plainly -
L. seen in the figure. Lo
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As R increases, the outer pairs of singularities in f, merge into -
one another, which has already taken place by the time R = 0.1, Now we fur- Y
ther find that £,(0.1;x) again has two zeros at positive values of x. This

can be seen in figures 41 and 42 for R = 0.2 and R = 0.3. N
- 4
Further increase in R merely reproduces the behavior we found for »
TE, n = 3. This can be readily observed by examining figures 43 through 47. .j
v
. : : 400 . y , <
. 150.00 R=0.50 ! uTE (n=4) - R=060 I | l,i TE (n=4y | 2
i TAY -
8 10000 e §320f— i H B
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Figure 44. Generating functions for Figufﬁ 45. Generating functions for i:
v§)) witn r = 0.50. v§)) with r = 0.60. 4
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Pig\(x%'? 46. Generating functions for Figqure 47. Generating functions for 3-;
v§p with R = 0.70. v§)) with R = o.80. ¥
3.2.5 TE, n > 4 L\
Although we shall not go into any detail concerning n > 4, we can .
anticipate the additional complexities that will be incurred for these higher '2
order TE mode eigenvalues. That is, additional pairs of singularities corre- '
sponding to a larger number of zeros of the denominator will enter and de- =
crease in number as R increases. Similar behavior will occur in the f (R;x) ™
numerator. Nevertheless, f_ will always pass through the origin and have the &
same slope there as tan(! - R)x. The eigenvalues will always be such that A
they can be determined in the manner we have already seen from the roots of _‘
N L]
» [ ’-
ot ]
‘D:: \ 46 ti
b -
e ::
a4

Y

RO AN L ARG AVE i YT
N
,u 0 LLGANY l,".l.




SIS
" .

LA A AR AR MO CR AL S

~" Nt

~

MuCS At A el aad aadl Gnildial A il Sl e S e 4SSl Sl A B Al R aih . siu gl Al e of
M - - - - - . . -7 te T Tt PUA L e LR S . . e -

tan(1 - R)x = £.(R;x). Even though the formal algebraic analysis for the
higher n can be quite formidable, it can be carried through by carefully going
back and forth between computer calculations and graphics and formal deriva-
tions. In this manner all singularities and zeros of the f (R;x) can be
located, as well as the sign and behavior of the function itself over perti-
nent ranges of R and x. And, of course, the intersection with tan{1 - R)x can
be determined definitively, and we thereby obtain the Yn1 (R) values. In
fact, we have freely used this approach in the above considerations and in
those below for the ™ eigenvalues an (R) which we shall discuss next.

3.3 The ™ Eigenvalues Yr(qz))

We proceed to the analysis used in determining the TM eigenvalues.
The roots of equation (79) have to be found. For convenience, we repeat the
relation here,

[vaiy(ya)] '[ybk,(yb]' - [ybi,(Yb)]'[vak,(ya)]' =0 ,
and rewrite it
[axi (300 ] [avk, GGy)] ' = Lavig Gy ] [ 3xk, (3x)]* =0 (116)

As in the TE case, due to the nature of the modified spherical Bessel func-
tions there will be roots only along the imaginary axis, and they will occur
as complex conjugate pairs. Only those along the positive half of the imagin-
ary axis will correspond to physically acceptable solutions for the modes of
our concentric spherical cavity.

3.3.1 e v{2)(r)

The derivatives that we shall need are

cosh(jx)

jx

1 R .
ya=jx 2] sinh(jx) -

(ix)
n
j[(1 -1;2—) sinx+°°ix] v )
' _ -ix 1 1 N A sin x
[Yakl(Ya)]Yagjx s -e [(jx)2 + T 1] [(xz 1) cos x + ——— ]

+j[%i-(l—2—-1) sin x] ’

[vaiq (ya)]! z [1 +

(118)
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,:‘

X :
L« ).

ey e
Lo e
'.::-:‘ which upon substitution in equation (116) gives us after some rearranging X
e y
- by
_N 1 1 1 v
1 0 =3 (1-—)(1-—)+—— sin(x - y) .

& l[ x? y2) M

A (119)

I LA A R A _

or, equivalently,

AN
NESY (1 - R)x(1 + Rx?) “
£33 tan{(1 - R)x] = 2 g1(Rix) . R
T [1 - (1 - R + R?)x? + R2x"] Ry

Clearly this function, g,(R;x), is of the same form as f,(R;x) that

f
y RF o
X R . it . A ‘* S " \ .\ "n' ) ',' '. \ (W

s ) we found for the TE, n = 2 case. We have two zeros in the denominator and -~
-':4' hence two distinct singularities for g4(R;x) for R < R, = (3 - /5)/2 = oy
-3 0.381966., These singularities occur at g
.'3 3
R 'A—R+RZ /1-R+R2 1 ‘
e x4 (R) = 3 S 3 = =

2R 2R R 4
J‘N 4%
":3 -:
v "+ Also in this case g, is non-negative for 0 ¢ x < x_; it is negative for Y
o x_<x <x,_ and positive thereafter, going to zero asymptotically as x becomes :
” infinitely large. For R = Ro, the two singularities merge into one and :'
L] 'v‘
\;I g1(R x] starts at zero for x = 0 and increases monotonically without bound as i)
Y vJ
\ﬁt x goes to the double root at x = ¥3 + ¥5/2 of the denominator. On the other ¥y
\. side of this double root, g,(Ro;x] decreases monotonically from 4+« to zero as ‘-E
] x increases. Finally, for R > R, the coefficient of x in the denominator of Q)
» Yo a3
j;' 'g1(R;x) is positive and hence g1(R;x) is well-behaved starting at zero at the R
(] St
f{' origin, increasing smoothly to a maximum, and thereafter decreasing smoothly .:
o to vanish at infinity, remaining non-negative all along the positive side of N
e the x-axis. —
.ﬁ\) 3§
e For R < R,, the function g,(R;x) lies above the tangent function ':
[ros initially and goes singular first. Then it is negative while the tangent is N
A still positive and increasing. Thus, g,(R;x) rises from —= earlier than the o

P tangent, after x = 7/2(1 - R), and still lies above the tangent curve for a y
o8 while. Since the tangent will go positive at x = /(1 - R), the two functions -
:, will cross before tan{(1 - R)x = 0. This behavior will persist until the =
.);;; second singularity of g,(R;x) occurs before x = n/2(1 - R). We see this in o
j-.'j.’ figures 48 through 51 for R = 0.05, 0.1, 0.15, 0.20, and 0.30. 1In figure 52, Tl
.y d
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o) for R = 0.35, the se?ond singularity occurs before #/2(1 - R) and hence the
) first intersection, x1f)(0.35), now occurs while the tangent is going to its
N first singularity and g, is returning from its second singularity. In figures

1. 48 through 51, the earlier intersections occur on the negative arcs of the
{__ tangent curve that lie between the singularities of g;(R;x). The later inter-
~$Q gsections must then lie on the positive increasing arcs of the tangent, as can
,}} be seen in these same figures. Since the two singularities collapse into one
:{j at R = R, for x < n/2(1 - Ro), we can see in figures 52 through 58 that for
ey R 2 Ry intersections or eigenvalues occur on each successive positive-going
branch of the tangent curve. As R increases, the successive eigenvalues move
5y farther apart as tan(1 - R)x spreads out along x. In the ™, n = 1 case, we
B have included results for R at intermediate values to our more or less stan-
jC: dard interval of 0.1 to show finer detailed behavior of the indicator function
<F gq(R;x).
. " 150.00 R=005 ! | T™ (n=1) " 15000 R=0.10 ™ (n=1)
Sl ‘ i
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24 2 s000f - -0 5 s S - I
RLY o ] ‘ ' o ! 'i 10 8
¥ { /l P _JJ * |
Z 0. —-4&——5 < oaﬁ4r —e L il
E H | I , 9, 0.05; X E d ‘ ‘ h
_ W 5000, g \ - W _soo0 | . B A
- 8 100.00 1 2| & | I L
. ~ 250 500 750 10.00 1250 1500 17.50 20.00 ~ 10000 — =5 750 1000 1250 1500 17.50 2000
X ] . ]
X
{ Figure 48. Generating functions for Fig%E? 49. Generating functions for
o v{2) with R = 0.05. Yip  with R = 0.10.
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Figure 50. Generating functions for Pigur? 51. Generating functions for
v{2) with R = 0.20. v{Z) with R = 0.30.
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Figqure 54. Generating functions for
v{Z) with R = 0.50.
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Figure 56. Generating functions for
v{2) with R = 0.70.
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Figure 55. Generating functions for
v{2) with » = 0.60.
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3.3.2 The 7(23)(11) 3
We need the derivatives of the products
b
6 3 6 )
ais(ya) z - + —| sinh(jx) + [ + 1] cosh(jx o
[vaiztvar]l s, [(jx)3 Jx] j Gar? (3x) 3
{
(120) —
=6—--2 sinx+1-6— cos x , =
x3 x x2 &
o
o
and ‘?'}
A
- =3x{ 6 ) 3 - J
vakso(ya) = -e [ + + — + 1
[ 2 ]yaij (jx)3 (jx)2 Ix '.::\
(121) SN
o
= {5 - cosx-s—-—?'- sin x{ - 3} s . sin x + s _3 cos X e
x2 3 % x2 S X N ad
Substituting these two relations into equation (116) and rearranging, we get ::'.”
:-"I
oG- -9 ¢ H(& WG - )] memee -
Y
(& NE-D) - (& Y- 2 ) =
x2 y Y y2 3 x N
. w0
oxr, with some further rearranging, we bring this to the desired form: ::-‘:
g
2
o
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b 23
N ~
LL
! .rx-
149
o x[(6 - ©)(2 - ®x2) - r(6 - R2x2)(2 - )]

- tan((1 - R)x] = 7 2 ga(Rix)

AR 9(2 - x2)(2 - R2x2) + Rrx2(6 - R%x2)

< (122)
(-

.‘ l.
o
CAC We note that this function g,(R;x) is the ratio of a fourth-degree polynomial
&}' to a sixth-degree polynomial, just as we saw earlier for the TE, n = 3, case.
..‘j Actually, the denominator of gz(R;x) is a cubic in x2. Thus, we can rewrite

) 92 as
ot ) 3(1 = R)x[12 = 2(1 - R)2x2 + R2x*]

‘ g ix) = . (123)
s 2 36 - 18(1 - R)2x2 - 3R[2(1 - R)Z + R|x* + R3xb
x
. Examining the denominator we see that the maximum number of positive roots for
' ': x2 will be two, and in turn the maximum number of positive roots for x will be
"'.(-'; two, x_(R) and x_,(R). Now let us look at the numerator. For R = R, =
LY
NN (1 +7/3) -//3 + /3 = 0.189,591, there will be only one root for the numera-

tor at x, = x(R,) = (1 - R))/R, = 4.274,512. For R < R,, the numerator will

‘.~

o have two roots and hence g, will vanish at x = x t'(R), where

’

i 1 -R

Xo,2(R) = —¢ ‘1 £/1 - [12R2/(1 - R)"]}
N
S and

]

-.}1

D Xg,-(R) < x5 < x, ,(R) .

o
. Thus we see that as R increases, X, - and x, ,+ move together and coincide at
Te."" X, where R + R, . "'For R > R,, the numerator becomes positive definite.
B ‘..l
ﬁ;{ If we expand g,(R;x) around x = O in a power series, we find that,
_';.- to order x°, ga(R;x) > tan(l - R)x near the origin. Of course g, and the
Lo tangents both pass through the origin with the same slope. As x increases
- from zero, g7 will have a larger slope than the tangent. For small R, the
:_ function g,(R;x) goes singular before the tangent just as in the ™, n = 1,
_':\j case. As a consequence of this behavior, g,(R;x) and tan(1 - R)x will not

".g-"'. intersect for x less than w/(1 - R). This property persists until R is suffi-
ciently large for g,(R;x) to have no roots other than at the origin or infi-
nity; i.e., for R to exceed R,. These characteristics can be seen in figures
59 through 62. Although explicit analysis can be carried out to determine
when and where, as a function of R, the denominator of g,(R;x) vanishes and,
hence, g, becomes singular, we shall not do so here. Examination of figures
59 through 67 reveals quite readily that, as R increases, there are two singu-
lar values of x, 0 < x_(R) < x,(R) which move toward each other as R increases

52
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S
~:ij~ through R = 0.58 and which coalesce into one singularity at the double root of
::;-'; the denominator. By R = 0,60 this singular behavior is gone and as we see in
'.:';. figures 67 through 71 we have a familiar behavior for g,(R;x). For those
- values of R for which there are two singularities, g,(R;jx) is a monotonic
(t; increasing function greater than zero and increasing with x increasing to
AN x_(R). As x increases further, g,(R;jx) returns from —~ toward a maximum value
; " (which for R > R, is negative) and then again goes monotonically to -« as x
) increases toward x,(R). It then jumps to +~ and decreases monotonically to go
.-:.‘ asymptotically to zero as x goes to infinity. In between x_ and x_ the inter-
! sections are on the positive-going arcs of the tangent for g, > 0 and on the
S 3 negative branches for g, < 0. For x > x, the intersections always occur on
;.}',- the positive arcs of the tangent function and are very close to being periodic
RS with the period of the tangent itself. For R » 0.58, the first crossing of
r:.-' the two curves, ng (R), occurs on the first positive arc of the tangent (see
-\:: figo 67).
~
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We note now that, unli)fs the TE eigenvalues, Yr(nn(R) , which 2
increase with R, the ™ eigenvalues Y21)(R) decrease slightly as g increases, »
and the Y(z (R) for p > 1 decrease initially and then increase as R increases. -_
This was also true for n = 1, -
(2) 3
The starting point here is -
N b
o 45 21 45 6 &
o [vaiz(va)]! _. = + + 1| sinh(jx) - + — | cosh(jx) KA
% 3 ]Ya=jx Gx)* (3x)? (3x)3 3% "
(124) o
zj 15--2—1+1 si.nx-ﬁ-E cos x| ,
™ 2 x¥ X ~
a3
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and

[vak3(ya)]’ -e_Jx[ s, 45 21 —6+1]

o + + =
yasjx (G (3x)3  (§x)2  Ix

s-l[(if---:—;i-‘l) cosx+(}-‘:-3§--:1)sin x] +j[(—:§--§) cos x

- (%_%+ 1)]cos(x -y)} ’

which when substituted into equation (116) gives, after some rearranging,
fras _ 21 (45 21 ) (45 6\/45 6)
0 = —_—— Y =-—=4+1) + = ==~ =]l 8in(x -
J{[(xu 2 ) v y2 3 nys Y (x =)
B E N E Y (BB )] conn _,,’
& x2 y3 Y S XAy ¢2 !

and in turn this can be put in the desired form for determining the eigen-
values from the intersections of two curves, namely,

- = or242
can(l - R)x = 3x 15 - 2x2 - R 15 - 2R2x \
45 -~ 21x2 + x* 45 - 21R2x2 + R‘*x"/

(126)

[ (15 - 2x2)(15 - 2R2x2)

+ {1 + ®Rx? z g.(R; .
(45 - 21x2 + x*)(45 - 21822 + R"x")] 93 (Rix)

We point out that the denominator of 93(R;x) is a quartic in x2,
just as we observed for the polynomial denominator of f,(R;x) in the TE, n =
4, case. Then we can anticipate a rapid increase in the complexity of the
extensive analysis that accompanies g3(R;x). Only a small portion of this
analysis is included here. Thus, for the behavior near x = 0, we have

Ny

s, -y

-

o k_

~ Wy

- .. PR 28 A o uE

SRRANG | | FAPOrs  TRIEIRPS, | G

Ko LN

»
\J

»
g3(Rix) = 3(1 = R)x [2R3x6 - 3R(SRZ - 9R + 5)x* - 45(2R% - SR + 2)x? + 675) 5

+ [R*x8 - 3RZ(7RZ - 12R + 7)x® + 9(5R* - 30R3 + 49RZ - 30R + 5)x* s

(127) 3

;

- 145(7R2 - 15R + 7)x% + 2025] . ¥
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Expanding in a power series around x = 0, we find to order x°, -~

(1 - R)3x3 , 20 - R)5x5 ro
3 15 '

g3(R;x) ~ (1 - R)x +

L 4
W

but to the same order,

NN Yy
&

(1 -R)3x3  2(1 - R)SxS

tan(1 - R)x = (1 - R)x + 3 + 5 . ™~
]

Thus we see that just as in the TE, n = 3, case, both the tangent and g3 coin- ';
cide to order x°. This is reflected in the two curves being nearly indistin- o
quishable for an appreciable range in x for the smaller values of R of figures ,‘_'.-
72 through 80. In figure 72, for R = 0,05, in fact, the two functions are

extremely close together even beyond the first singularity of g3(R;x) and the o
first pole of tan(1 - R)x. Next, if we examine the coefficient in the denom- R

inator, we observe that for small R there are at most four real positive roots
or equivalently at most four singularities in g3(R;x) for positive x. The N.
same type of consideration shows that the numerator has, at most, two roots "'
for small R. In figure 72, for R = 0,05, we see one of the zeros of =
g3(0.05;x) and also two of the singularities. For x beyond the range shown in h
this figure, the pattern is repeated, but in reverse order; i.e., as x in-

creases beyond 20 we find g3(0.05;x) negative and going to -=, then jumping to ﬁ‘;
+o and decreasing as x increases, going through zero at a specific value of x o~
and then going to -» again as x increases further. Next, g3 jumps to +» and .-:

then goes asymptotically to zero as x + ®, As R increases, the singularities
move toward each other, with the inner pair closing together more rapidly. kS
This can be seen in. figure 73 for R = 0.10, Further increasing R causes the i
two innermost singularities to coincide and then disappear altogether. When .
this occurs, g3(R;x) has two zeros between the remaining singularities. “
Figures 74 and 75 show this rather clearly. Also, we note that the outer ::
singularities move inward quite rapidly toward the slowly changing innermost

singularity. With further increase in R, the two roots of g3(R;x) move to- -
gether, coalesce, and then disappear altogether, as can be seen in figures 76, ::
77, and 78 for R = 0.40, 0.50, and 0.60, respectively. Now g, is less than .

o

zero in between the singularities and positive outside. As R increases even
further, the two remaining singularities move together, coalesce, and vanish.
The final state of affairs is represented by figure 79 for R = 0.70, Further

growth in the size of R as usual results in the peak of 93(R;x) dropping and 5\
shifting down in x. All the features of 93(R;x) found here for ™, n = 3, are A
now familiar properties. N
.
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Figur? 72, Generating functions for
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Figure 74. Generating functions for
v§2) with r = 0.20.
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Pigure 76. Generating functions for
v§2) wietn » = 0.40.
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Figure 73. Generating functions for

v§2) with r = 0.10.
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Figure 75. Generating functions for
Ygg) with R = 0.30.
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Y p with R = 0.50.
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'5- Pigure 78. Generating functions for Figure 79. Generating functions for
2 v§2) with R = 0.60. v§2) with R = 0.70.
N + 1. v
n 20e o [T ™ (n=3 g [R=0%0 / ™ (=3
Py 7 i/ 5 /
- Z 160 Eom 7
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‘ Fiqugs 80. Generating functions for Figug? 81. Generating functions for
5 Y:(;p with R = 0.80. Y3p’ with R = 0.90.
2
1 Next, we briefly consider the intersections (i.e., the locations of
e the eigenvalues) of g3(R;x) and tan(1 - R)x. For small values of R (see fig.
: 72 for R = 0.05), the first two singularities in g3(R;x) just precede those
: for tan(1 - R)x. Por this situation, the first intersection will occur just
. beyond x = 3n/2(1 - R), i.e., on the negative arcs of both functions. The
next few eigenvalues occur between the inner pair of singularities on the
- negative arcs of the tangent just after the tangent returns from —. The bulk ‘r:::
« of the remaining properties of the locations of the crossings of g5 with the F:.-
'\: tangent curve has already been described in the foregoing discussions. These r‘i
. predicted characteristics can be verified if we examine the corresponding T™ :-P
sets of curves for n = 3 in figures 72 through 81. St
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Continuing to the next higher order, n = 4, we have the two rela- 5
) t
( ions ft'f
o, ..~{
e 420 55 RS
-, vaiz(va) = + + 1] cosh(jx) .
% ratatradl g, (3x)*  (3x)2 o
* (128)
s _[ 420 + 195 + E] sinh(jx) e
(3x)®  (3x)3  Ix N
: o
- - f420 420 195 . 10 “Le
¢ H ——-—+1 co8 X - |— - —F%+—) sin x , NN
< x> x3 X oy
‘5 ::.‘
and
& “{
-(4 o .’-"\
" [yakg(ya)]! .. = —e”(3x)[420 , 420 195 552 L0, 1] -i*i
t Ya=jx [(32)5  (3x)*  (3x)?  (§x)2 I e
. 420 55 420 195 . 10
g -{I{l—=—-=5+1) cosx - {(— - — +—) s8sin x {129 2
‘ ":( Xt X2 ) (xs ¥ x ) ] ‘ -
"
:‘ + 3 (—420 - 193, 10 cos X + 420 -3 + 1) sin x P -f
x>y’ X x2 )
TS
;'\‘P-
which when substituted into equation (116) and rearranged gives us :-aj
, iy
. ‘4w
B 420 195 420 195 10 LAY
) 0 =3 (—--—+ )( —+—) o4
‘i {[ ¥ x3 X /\y> ¢y vV w
. o
d 420 _52_ )(420 _ _+ 1) sin(x - y) - [420 _5, 1) 420 195 +1_0) =
‘ x %2 YS y3 Y ~
L -, '.n"..‘
o (420 _ 55 1) (420 _19s | 10)]cos(x -9 A
5 Y" x? x5 x3 X ! £ :
3 5
h or, in what we can now call our preferred form, this becomes =3
9 tan((1 - R)x) = x[(420 - 55x2 + x*)(420 - 195RZ?xZ + 10R*x*) AN
\ hoA
2 N
. - R(420 - SSR2x2 + RYx")(420 - 195x2 + 10x*)] e
(130) 2
¥ %
.; + [(420 - 195x2 + 10x*)(420 - 195R?x2 + 10R*x*) <
+ Rx2(420 - 55x2 + x*)(420 - 55R2x? + R*x*)] = ga(Rix) .
I" ]
R
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We note that the denominator of g4(R;x) is a quintic in x2, and the
numerator is the product of x and a quartic in x2. This is a level of com-
plexity beyond those met thus far, but the general nature of the analysis
required is pretty much the same as that we have carried out thus far. Upon
examination of the denominator of g4(R;x), we find that there are in this case
at most four positive values of x that are roots. Hence, g4(R;x) will have at
most four singularities for positive x. In fact, this is reflected in the
behavior of 94(R;x) as shown in figures 82 through 84, where we can discern
for R ¢ 0.20 the existence of four singularities. Fidure 84 explicitly shows
for R = 0.20 three of the four. As R increases, we see that the inner pair
move together to coalesce and then disappear by the time R attains the value R
= 0.30 (see fig. 85). With further increase in R, the remaining two singular-
ities repeat this behavior, and by R = 0.80 all the singularity in g4(R;x)
ceases. Por R > 0.80, we have the usual well-behaved smooth increase to a
maximum, which decreases and moves inward with increasing R. This behavior of
g4(R;x) is easily seen in figures 90 and 91 for R = 0.80 and 0.90, respec-
tively. The numerator of g,(R;x) is a product of x with a polynomial that is

a quartic in x2. Examination of this numerator shows that g4(R;x) will
possess a maximum of four roots for positive x. For small R these are
located, as we have seen in other cases, as follows: one each between the

inner and the outer pairs of singularities and two between the inner pair of
singularities. This can be seen in figure 82 for R = 0.05. As R increases,
the innermost pair of roots move together, then merge, and by R = 0.10 (see
fig. 83), disappear, leaving g, negative between the pair of inner singular-
ities. As R increases further, the two inner singularities disappear, and two
roots are present between the remaining pair of singularities (see fig. 85).
As R grows larger, these two zeros move towards one another, merge, and disap-
pear. For R = 0.60, as can be plainly seen in figure 88, there are no finite
positive values of x for which g4(R;x) vanishes.

p T 80w T T
16000 7 —— cvR " R=010 | | T | lmMne-g
7 5 { | L i
5 12000 Ewm‘ “““"] A |
, 3} |
L 4
§ 80.00 x 2 4000 T Y —
2 8 o 3!
g 4000 ©_ % £ 2000 o 4 -
NI : :
8 w J| | /| A
w0 ~r—d ; g ° f yFo v v
g_‘o.m ' ' \ ~20.00 ; l‘ i i | I I
0. 250 500 7.50 10.00 1250 1500 17.50 20,00 0. 25 500 7.50 10).(00 1250 15.00 17.50 20.00
X
Figure 82. Generating functions for Figure 83. Generating functions for
(2) ith R (2)
Y4p w = 0,05, Y4P with R = 0.10.
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Figure 86. Generating functions for
v§2) with R = 0.40.

40.00

R=060

(%] |

& 2000

=

Q Y

5 o

o ]

2 2000 x

g =3
g—w.oo__-m .“f’ 4o [
wl

o ‘ |
-60.00 L1

L
0. 250 500 7.50 1000 1250 1500 17.50 20.00
X

Figure 88, Generating functions for
v§2) with R = 0.60.

g
8

8
8
1
i

3
8
T

j

GENERATING FUNCTIONS

!
g 8
g8 8

| L
0. 250 500 750 1000 1250 1500 1750 2000
X

Figure 85. Generating functions for

Y4p with R = 0.30.
80.00 T ‘ v
R=050 l I TM (n=4)
" o
2z 001 - e
P |
2 0.
juo ]
[T
g - 40.00
=
& 8000
Z
w
S -12000 P —
0. 250 500 7.50 10.00 1250 1500 17.50 20.00
X

Figure 87. Generating functions for
v§2) with R = 0.50.

]
8

R

0.70

8

8 8
3

-

\/

GENERATING FUNCTIONS
[=]
-
<

L .
-2000 bt P
i | ; i
oo | | ‘
0. 250 500 7.50 10.00 1250 1500 17.50 20.00

X

Figure 89. Generating functions for
Y4p

With R = 0.70.

62

.
N

-~

Lol dRNY

=




&2 AL A S L C S A AL S TR Sl Rl Sell SRl Sl M A, i A M D S et Nat. Y- It Sy S Vah o e e

! ' 1 "
o 4.00 R=0.80 ’ | ™ (n=4) » R=0.80 { iTM n=4) .‘t.
| 8 om0 / o

: 320 1t g Q)

{ ’ I I r4 ,\ I%Q P
‘.;" E 240 /A ;&r ] a 0.60 72 i :.’ q
W () | (0] / !
h: 2 / I ]
;_;.{ 2160 /§ } £ o040 / Y
,f\i, = /\ | -] G
o, / w A
& 080 l w Z 020 %, 05 »
é \l g, (0.80; x) / (] *ik'x) ~
2 0. P
.-; 0'0_ 250 500 7.50 10.00 12[_5) 15.6 17.50 20.00 0. 250 500 750 10.00 1250 15.00 17.50 20.00 '

1','; X X LN
o o
‘C:: Fig\(xge): 90. Generating functions for Figuge) 91. Generating functions for <.
o = . . i = ° . ‘.
",L’ For future reference, we write out g4(R;x) in reduced form: ;-.
\? (‘4.
2 -~
) 1 1 {
< . = - - - 2) 2 - - 2 3 Ty
"ﬁ ga(R;x) = (1 R)x[‘l ﬁ(11 28R + 11R?)x? + 35,280 (28 - 252R + 463R 252R
o .

2

€. 1 o
Y + 28R*)x* - 5RZ(39 - 71R + 39R?)x® + 10R“x8| ¢ [1 - =z (13 - 28R + 13R?)x? r
'_f. 28 . 5"_
. + 52= (56 - 308R + SOTR? - 308R3 + S6R)x" (131) ~
X .

2 3 4 )6 3

< _y - _ S
e + 35 2ao R(84 - 390R + 605RZ - 390R? + 84R*)x :
"I ’:
A
N 5,10 L

. - 2 R>x ]

‘ ——35 550 (11 - 20R + 11R2)B + T7¢,200] ° S
n.ﬂ h"
}}- As can be seen in figures 82 through 85, the two curves lie very close togeth- \'A

er for an appreciable range of x when R Y 0.30. Careful analysis of these 1
e expansions shows that g, {R;x) lies above the tan(1 - R)x. For the small R
-»‘ values, g,(R;x) atta:l.ns its first singularity before the tangent function. ;
:}. For larger R this characteristic is plainly seen (fig. 87 through 89 for R = N
~.',' 0.50 to 0.70). From the behavior of the two functions for the smaller values )
-:,‘ of R which correspond to the presence of singularities in 94(R;x), it is ‘
'-, relatively easy to discern the fact that there will be no intersection until kS,

at least x = 6. However, as R increases beyond r = 0.40 (see fig. 86, for -
example), the first eigenvalue x 12 (R) occurs at a smaller value of x. All
. the remaining features of the behavior of the intersection positions have e

.::- essentially been discussed in the foregoing cases. y
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For the final case, we shall present an explicit discussion for ™,
n = 5. Our two starting relations are

. 4725 2205 120 .
vaig(ya)]' _. = [ + + + 1] sinh(jx)
[ 5 ]‘Yazjx (jx)6 (jx)“ (jx)Z
4725 630 15 ] ) . - 14725 630 15
- + + - cosh(jx) = j (—— -— 4+ —]) cos x (132)
[(jx)s (ix)3  (3x) [ x3 x3 X
(4725 2205 + 120 1) sin x
- - - ’
x® x* x2
and
[Yaks(Ya)]' .= _e-Jx 4725 + 4725 + 2205 + 630 + 120 _12 + 1
Yasjx (Gx)®  (3x)5 (5o (5x)3  (§x)2  Ix

m

4725 _ 2205 120 _ cos x + (4725 _ 830 1_5> sin x
& < ) x° B x

- 5 (4725 _205 120 ) (4725 _ 630 E) cos
«B x4 x2 x° x3 x

(133)

Substituting, as usual, these two relations into equation (116)
will give us

0 = j[(uzs _ 2205 120 (4725 _ 225 120 _ )

%5 x4 2 y® v x2
4725 630 _ 15 (4725 630 15)]
| —= - =+ =)= - 222 4 2) sin(x - y)
( o 3 x) v v Y Y
[(4725 630 1 5)(4725 2205 = 120 )
- -—_— - + -1
%5 R "3 v y2

(4725 2205 | 120 1) (4725 630 15)] cos(x - y)
- - - ——— > — - ’
x® o x2 y® y ¥

which can be manipulated to the relation
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315 - 42x2 + x*
tan[(1 - R)x] = 15x
4725 - 2205x2 + 120x* - xb

2
3
3

e R(315 - 42R?2x2 + R%x*)
Y -
.:;: 4725 - 2205R2x2 + 120R“x* - R6xb (134)
”,
";.‘,- + [1 + 225Rx2(315 - 42x? + 15x*)(315 - 42R?x2 + 15R“x*)
‘Q-A
. + (4725 - 2205x? + 120x* - x5)(4725 - 2205R2x2 + 120R*%* - R6x6)] = g5(Rix) .
49
i
A': As we can anticipate at this stage of the discussion, gg(R;x) is a
& ratio of two polynomials. Its denominator is a sixth-degree polynomial in
v x2. It has as its numerator the product of x and a quintic in x%. Again it
': S would appear that we have to deal with a higher degree of complexity than
2‘ v experienced earlier in the properties of the two functions that generate the
} eigenvalues. For reference purposes we give the reduced form of g5(Rix):
L M
N gs(Rix) = (1 - R)x[1,460,025 ~ 4,725(42 - 5R + 42R2)x% + 945(5 - 35R + 63R2
'\l
Ll
I - 3583 + SR*]x* + 15R(2> - 124R + 212R? - 124R3 + 23R*)x6 - ER3(7 - 13R + 7RZ)x8
\::'
2y
+ R*x10] + [1,460,025 - 99,225(7 - 15R + 7R2)x2 + 945(40 - 210R + 343R2 - 210R3
‘.
"
-~ + 40R*)x* - 305(1 - 225R + 56R? - 84R3 + 56R* - 225RS + R6)x® + 3R2(49 - 3,150R
122
£ + 320R% - 3,150R3 + 49R*)x® - R*(8 - 3,375R + 8R2)x!0 + R6x12]
::3 Again examining the numerator of gg(R;x), we observe that the
.-:‘_. maximum number of finite positive roots is four. As usual, gg and tan(1 -~ R)x
::-.; and their slopes coincide at the origin. This time, the denominator shows by
) simple examination that the maximum number of its positive zeros in x2 is
a six. However, if we look closely at the coefficient of x!0 in the denomina-
;'.'~‘_ tor, we observe that its sign will be positive if R > 0.002370. This corre-
~':- sponds to an extremely small inner sphere. For R values exceeding this ratio

Ay

,.

just cited, there will be at most four singularities for gs(R;x) on the posi-
tive x-axis. At this time, we choose to ignore the characteristics of the
extremely small R case,

“NiJ
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Figures 92 through 95, for R from 0.05 to 0.30, display the situ-
ation for the range of R where gg(R;x) possesses four singularities and the
number of zeros goes from four to two. Figures 96 through 99 (for R = 0.40 to
R = 0,70) show the characteristics of gg(R;x) for the range of R where there
are only two singularities and the number of positive finite roots goes from
two to zero.

The essential behavior of gg(R;x), tan(1 - R)x, and the eigenvalues
is very much like that we have already seen (except for R < 0.002374). Fig-
ures 100 and 101 for R = 0.80 and 0.90, respectively, are now quite familiar
to us for the situation where gg(R;x) has no singularities.
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w P®R-0k ™ (=5 9
40.00 g 0® <
E | g s &
5 2000 = e
g 20 :; gl 8 ;
g | £ o ‘*Wv‘ < Lt
= 0. — 7 | :
g < TR 1 é-zooo |
u o l§ g »
& 208 S 8 J
(0] e I ]§ —40.00 i
4000l 0. 250 500 750 10.00 1250 15.00 17.50 20.00
0. 250 500 750 10.00 1250 15.00 17.50 20.00 X
X
Fig\(xE? 92, Generating functions for Fig(xg«; 93. Generating functions for
80.00 -
80.00ra "0 %0 ™ (n=5 9 . ™ (n=5)
S 4000 —]
4000 5
<
2 ot —< Jv- e °
o % ¢ 2 0w ]
£ -0 § { 3 |
= 5 4 —8000 e —
Y _g000— @
é— § 12000 I N
4 | 0. 250 500 750 10,00 1250 1500 17.50 20.00
0. 250 500 7.50 10.00 1250 15.00 17.50 20.00 X

X

Figure 94. Generating functions for Figuﬁ 95. Generating functions for
Y p With R = 0020. Y p With R = 0030.
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3.4 Summary Discussion of Eigenvalues

In the preceding section we presented in various degrees of extensive

T detail the behavior of the appropriate functions whose intersections yield the )
f A eigenvalues for a large number of the lower-lying TE and ™ modes. We observe .
‘:_.\' that as the order index n increased, invariably the functions fn(R;x) and
._::Q g, (R;x) became more complex. Where we could, we merely referred to common
s characteristics that appeared for lower orders, which may seem to imply seri- .
(‘ ous omission of detail in the discussion. Fortunately, the resulting discus- -

) sion should be quite adequate when one properly carries over the portions of
earlier detailed discussions. These discussions of each individual case and

'j;‘-" the large number of accompanying illustrations should be ample enough re- 5
*‘1’.3 sources to establish that the eigenvalues can be determined analytically with
'i::.) an investment of effort of modest difficulty at best. It should be noted,
1 however, that although the functions fn and g, may present themselves as

somewhat formidable obstacles for determining the eigenvalues, this is cer-
tainly not the actual situation, except for a small number of eigenvalues.
- Even this small set can be made tractable with additional analytic effort. 1In
- . . th (J% . . .
i.- general, once any eigenvalue, say the p~, an + is found for fixed j and n,

).“{. good approximate values of the others for that j,n can be readily determined.

:-'-;-: This is 31 consequence of the very close approximation to periodicity that the
set displays. This property is evident in figures 102 and 103, Figure 102

O displays the manner in which the ™ eigenvalues (Yn a) vary with R, the ratio .
:t}". of inner to outer radii for the non-lossy dielectric, where n goes from 1 to K
"r-.'.’: 5. The corresponding situation for the TE eigenvalues (Yn”a) for n from 1 to
e 4 is shown in figure 103. 1In the interest of clarity, these sets of eigen- k
e values were divided up and displayed as shown in these two figures. Most of
L the numerical values from which the curves were obtained are given in table
T 1. In appendix B we present the computer program that generated the curves in ¢
:‘.:-:. the figures and the values in table 1.
R
:i We have already mentioned the approximate periodicity with p for
Tl given j and n that the eiqenvalue? slisplay. Next we point out that the proper

: behavior is displayed by the Ynj (R) as R decreases; i.e., they go over
O smoothly to the R = 0 or empty s&:erical cavity modes given, for example, by
et Harrington."

NN N
Sod

; *
W4
w Q
#

Y “R. P. Harrington, Time-Harmonic Electromagnetic Fields, Tables 6.1 and 6.2,
p I,: McGraw=-Hill Book Co., Inc., NY (1961), 270.
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R = b/s = INNER BADIUS/OUTER RADIUS

RATIO OF INNER TO OUTER RADIUS R = b/a
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0.4 -

01

Yol ()

Figure 102. TM modes Y

cavity.

r(lg)(R)a for non-lossy concentric spherical

1.0
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[ R o

AU

TE(1L 4) = ViL (M)a

Sl
.
7 ,// 72‘4" ma
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Figure 103. TE modes Y,(‘”(R)a for non-lossy concentric spherical

cavity.
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TABLE 1. NUMERICAL VALUES OF THE CONCENTRIC SPHERICAL CAVITY
"ercmwvaLues (3 (R)a = x{3)(R) (roR vALUES woT EXCEEDING 20)

TABLE 1a. THE TE EIGENVALUES "n(u':)“"

n =1 pw=i p=2 p=3 p=4 p=S5
R = 0.10 4.52229 7.84656 11, 18355 14.55528 17, 95607
R = 0.20 4.68640 8.37806 12.16588 16.00839 19.88013
R = 0.30 5.04272 9.31415 13, 70082 18. 13297

R = 0.40 5.63899 10.69922 15.86357

R = 0.50 6.57200 12.72134 18. 95438

R = 0,60 8.05525 15.81259

R = 0.70 10. 60490

R = 0.80 15. 78670

n=2 p=1 p =2 p=13 p =4 p=S5
R = 0.05 5.76350 9.09544 12.32478 15.52005 18.70149
R = 0.10 5.76489 9.10671 12.36709 15.62634 18. 90949
R = 0.20 5.79965 9. 31046 12.90198 16.59799

R = 0.30 5.96125 9. 95545 14.16502 18. 43099

R = 0.40 6.35744 11. 14065 16.17099

R = 0.50 7.11156 13.02612 19.16249

R = 0.60 8.44278 16.01949

R = 0.70 10. 86580

R = 0.80 15.94308

n=3 p=1 p=2 p=3 p=~4 p=S5
R = 0.05 6.98792 10. 41712 13,69806 ° 16.92349

R = 0.10 6.98800 10.41787 13, 70239 16.93949

R = 0,20 6.99344 10.47287 13.91692 17.45049

R = 0.30 7.05135 10.83867 14.83834 19.01999

R = 0.40 7.28038 11.77298 16.62299

R = 0,50 7.84504 13.47112 19, 47099

R = 0.60 8.99127 16.32599

R = 0.70 11.24556

R = 0.80 16.17449

ns=4 p=t p=2 p=3 p=4 pe=S5
R = 0.05 8,18256 11.70491 15.03967 18. 30099

R =:0.10 8, 18256 11,70495 15.03998 18.30249

R = 0.20 8,18328 11.71655 15.10656 18.51699

R = 0.30 8, 20089 11.89008 15.69443 19. 70949

R = Q.40 8.31928 12.56665 17, 21049

R = 0.50 8, 71681 14.04366 19, 87549

R = 0.60 9,67169 16.72599

R = 0,70 11.73234

R = 0.80 16.47849

L.
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-~ TABLE 1. NUMERICAL VALUES OF THE CONCENTRIC SPHERICAL CAVITY EIGENVALUES
5 vid ia = x{3)(®) (ror vaLUES ot EXCEEDING 20) (Cont'd) o
s »
.r:: TABLE 1b. THE TM BIGENVALUES xg)(k) .
{ n=1 p=1 p=2 p=3 p=4 p=5 p=6 D
: R = 0.05 2.74162 6.09682 9. 24655 12.31915 15.33189 18.31399 ﬂ_
“ R = 0.10 2.72705 5.96203 8.86383 11.77078 14.87325 18.13634 b
Y R = 0,15 2.68855 5.69396 8.55252 11.80250 15.28791 18.86890 I
-, R = 0.20 2.61986 5.44453 8.60724 12.24786 16.04527 19.89957 2.
N R = 0.30 2.41244 5.34975 9.37465 13.72043 18. 14151 :
- R = 0.35 2.29633 5.49884 9.97643 14.70131 19. 48265 v
R = 0.40 2.18403 5.75930 10. 71862 15.86959 i
: R = 0.50 1.9846 6.6185 12.7281 18.9565
- R = 0.60 1.82158 8.07212 15.81490 .4
-, R = 0.70 1.68939 10.61018 -
-, R = 0,80 1.58100 15. 78800 o
- R = 0.90 1.49067 i
e, R = 0.99 1.42100 .
i. n=2 p=1 p =2 p=3 p=4 p=3S p=6 ._
P’
58] R = 0.05 3.87022 7.44284 10.71155 13.91527 17.08799 X
; R = 0,10 3.86985 7. 43550 10.67031 13.77915 16.77725 19.73127 -
1 R = 0.15 3.86737 7.39009 10.45973 13.35562 16.40299 19.70049 +
R = 0.20 3.85861 7.25623 10.12745 13.23926 16. 74256 Dy
5 R = 0.30 3.79300 6.82286 10.17676 14.23332 18.51972 '
) R = 0.40 3.62547 6.73938 11.20525 16. 19031 I
3 R = 0.50 3.38587 7.26026 13.04726 19.16882 N
o R = 0.56 3.23654 7.89972 14.65640 L
~° R = 0.60 3.14079 8.49565 16.02691 ‘_
9 R =0.70  2.9229 10, 88207 o
*-’ R = 0.80 2.73793 15.94677 .
:‘ R = 0.90 2.58197 N
R = 0.99 2. 46150 .
. 4
P n=3 p=1 p=2 p=23 p=4d p=5 p=6 :
A R = 0.05 4.97340 8.72175 12.06357 15.31344 18.52349 ::-\
- R = 0.10 4.97341 8.72142 12.06080 15. 30030 18. 47949
. R = 0.15 4.97327 8.71675 12.02450 15.15368 18.12549 3
2. R = 0,20 4.97235 8.68951 11,85647 14.77432 17.86149 .
R = 0.30 4.95761 8.41775 11.370826 15.00803 19.00649 "
R = 0.40 4.988138 8.03405 11.92239 16.66549 "
s R = 0.50 4.68865 8.16066 13.51647 19.48399 *
P R = 0.60 4.41209 9.10303 16. 34049 *
N R = 0.70 4.12700 11.27912 :
’ R = 0.80 "3.87106 16.18199 g
K, R = 0.9 3.65137 o
: R = 0.99 3.48150 n]
v ~
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A
by TABLE 1. uunsnx CAL VALUES OF THE CONCENTRIC SPHERICAL CAVITY EIGENVALUES
3 Bwa = x{3)(R) (FOR VALUES NOT EXCEEDING 20) (Cont'd)
: - TABLE 1b. THE TM EIGENVALUES xg’(n)
;' ne=4 p=t pe=2 p=3 p=4 p="5
\
A R = 0.05 6.06194 9.96754 13.38012 16.67399 19.91499
o~ R = 0.10 6.06194 9.96753 13.37997 16.67299 19.91099
N R = 0.20 6.06185 9.96279 13.33330 16.46049 19. 40899
:, R = 0,30 6.05884 9.85890 12.86632 16.05899 19.84549
o) R = 0,40 6.03032 9,46274 12.86093 17.29099
R = 0,50 $.90808 9.25947 14.12652 19.89849
h R = 0,60 5.64693 9.86902 16. 75099
R = 0.70 5. 31651 11,79056
> R = 0.80 4.99586 16. 49099
. R = 0.90 4.71383
. R = 0,99 4.49450
-
v
: n=35 p=1 p=2 p=3 p=4 p=5
\ R = 0.05 7.14022 11.18899 14.67012 18.00849
<X R = 0.10 7.14022 11,18898 14.67010 18.00799
~ R = 0.20 7.14021 11,18833 14.66128 17.95149
L R = 0.30 7.13963 11,15620 14.40138 17.38199
N R = 0.40 7.12981 10.88525 14.00492 16.06249
N R = 0.50 7.06229 10. 49027 14.86804
R = 0,60 6.84586 10,76781 17.25299
R =0.70 6. 49409 12.40438
- R = 0,80 6.11614 16.87000
R = 0,90 5.77313
?j R = 0,99 5.50500
"
o The variation of the eigenvalues with R displays a very rich diver-
B sity of characteristics. We shall emphasize only a restricted number of
s these, which is far from exhaustive. One immediately eviden?, haracteristic
N is the grouping of the eigenvalues into families of the form Y JI(R) for j and
X p fixed 3nd the index n varying. If we fix our attention on the spectral
:- group Ynl (R)a, we observe for these TE eigenvalues that as R increases from
. zero the eigenvalues vary quite slowly at first. The larger the value of the
‘ index n, the greater the range of R with this slow variation. This behavior
is repeated for the family belonging to p = 2, Now, however, there is a
A smaller range of R over which the variation in Yéz (R)a is slow. As p in-
. creases, we observe in figure 103 the continuation of this trend. Immediately
Q following this very slow variation of eigenvalue with increasing R, we find in
- each case in figure 103 a region we call the "knee" over which this rate of
i change speed? up from slow to rapid variation with R. Once past the knee of
) the curve, Yo a increagses much more slowly as R increases. What we have here
r: is a rough qualitative division of the concentric spherical cavity TE eigen-
f .. values into three regimes corresponding to a small interior sphere, an inter-
: mediate sized interior sphere, and lastly a large enclosed sphere. ?e ore
ﬁs looking at figure 102 for the T™ eigenvalues, we note that all the an (R)
. always increase with R whether variation is rapid or slow.
j: Now let us examine the manner in which the TM eigenvalues vary as R
> is varied. The same general characteristics are displayed by the Yy for
;; p 22, i.e., they form distinct families for each p; also they indicate that
»
o \
: 72 :{
A e
' S
" A
. ‘\1
T N
" y .-\-'c---'v.vv LR BT T Lt B
v o ’-’-‘,-‘. .._. ERI A TN " .{ -(' e « f‘ < R ‘
AR RE fﬁ* ’w *"*,-p iv m» R RO S 3:-& ARSI \"tﬂ:‘_\ N &b X
‘.. " '( X . NN (\\‘-. ) 5.&\ :l‘nn

“'\x‘."n.. NS »"L



Eif three eigenvalue regimes can be identified which correspond to small, iuater-
ui mediate, or large inner(%Bheres. Thus we see, for the p > 2 families, at
;{ first a slow change in Yy, -’a as R increases from zero. The larger n is, the
larger is this range of éi This is followed by the intermediate region in
( which this variation goes from slow to quite rapid and then in turn the final 4
aQ region of rapid variation in Ynz with R. In the T™ case we have a different 3
v, type of behavior that is quite evident in figure 102. Unlike the simple knee b
‘Cﬁ of the TE eigenvalue trajectory, we now have a "nose" in the intermediate T™ k
; : region. This feature indicates the presence of an interesting property, E
B namely that for p » 2 as the inner sphere radius grows in size with the outer ;
s radius fixed, the TM eigenfrequency decreases initially (for a not insignifi- s
$$' cant range of R in many cases) and then later increases with R as one would %
,}: expect. The behavior for large R is that where the inner sphere is quite close b
ﬂﬁk to the outer sphere. It would seem to be quite natural in this situation that )
’. the eigenfrequencies be such that multiples of half-wavelengths span the gap Iy
oA between inner and outer spheres. For the TE modes (see fig. 103) and for the
3 P > 2 ™ modes (see fig. 102) this is indeed the case. 4
'ﬁ: For R large, the conducting boundary surfaces are close together and, }:
: parallel. In any small region containing portions of these boundary surfaces, @‘.‘
e we have what approximately looks like a parallel-plate capacitor system. We (4
‘ should have some natural field distribution that looks like the parallel-plate 5
e system. The TE solutions cannot satisfy this. What we do observe is that the >
-::‘_ ™ family of Yx(112)(R) values fills the bill here. Each trajectory in this ;.
}: family starts out at the empty spherical cavity eigenvalue (i.e., for R = 0) e
L and then, as_ R increases, decreases in the familiar manner initially. Now }
_f! however, Yéf)(R) continues to decrease as R continues to increase. This 'y
. behavior is strikingly unlike all the other trajectories of eigenvalues.
~$J Another feature of considerable significance is readily evident in S
. figure 102 for the T™ eigenvalues and also in figure 103 for the TE eigen- g
,: values. Whenever the trajectories intersect we have degeneracy present. This o
.f. degeneracy is present in addition to the usual degeneracy associated with the K
' angular variables © and ¢. It should be recalled that this property does not A
304 exist for the empty spherical cavity. For the systems that we shall be dis- '
5: cussing in subsequent reports, that are derived from the concentric spherical >
Y cavity problem, this feature shall play a very important role. Note that for b
. : a given value of R we observe at most a double degeneracy occurring. i
T
' Some further interesting features that can be extracted from figures 102 X
< e and 103 are the ordering of the eigenvalues. Clearly, for very small R by
,&: values, the ordering is precisely that of the empty spherical cavity. As R :
:; increases, we can observe switching of order of pairs of eigenvalues as the ~
o~ trajectories cross. In addition to this rearranging of the ordering of the

i

elgenvalues due to degeneracy, another contributing factor enters. This is ~,
the result of the "nose" region in the ™ trajectories which move the eigen-~ -
vﬂ%ﬁf’ to lower values with increasing R; ?i?" at R = 0.3 the ™ value of
Y12 (0.3) 1lies lower than the TE value of Y31 (0.3).
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F.,-'f': }though we have explicitly evaluated a rather large number of eigen- .
ALY values Y (R)a up to the value 20, we have by no means determined them all. .
e We do have, however, all those for values up to about 6.50. Clearly, the :
density of eigenvalues increases rather quickly.

N Further examination of the eigenvalue trajectories will reveal many
.-21 other physically important features. Since each of these will be dealt with

{\:.- in subsequent reports, we shall defer any further discussion until they ,
" appear.

, The cavity field distributions have been obtained for each of the 3
N modes in table 1. Diccussion in depth of the field details constitutes the ‘
i < next report in the sequence.
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APPENDIX A

We shall demonstrate here the orthogonality relation for the electric
eigenvector modes. Consider first the TE modes themselves. We have, then,
upon integrating over the concentric spherical cavity,

N1 a(D)Epa’(3) - Ealg?a(3)
- a2 ] a0 sin 0 [0 ao[Bx(Eeioh) [Fx(Feshemr(}))]

which by equation (24) becomes

b 2n
= [ drrzf“aesinej ag
a 0 0

( >
. 0eoa(E) 200 (B) 20 20(3) 00{2) e (F)
*|sinZe 3¢ 39 * e 30 .

Let us focus on the integration over ¢. We have

(o) (o)

1 (2" . 3npm ¥n'pim  mm' 2 (0) (o) mn' (1)
= a [ T

sin?0 jo 3¢ ¢ sin?6 IO ¢ #npmén'p'm sin?0 #np(np ¥)
2n AN
x ¢n°p'(Y:,1'l)>-r)Pm(cos 0)Ppip(cos 0) IO df cos mf cos Lm' ‘:f,.t_
3
i
_which becomes ¥ ?
»
n? (1) (1)
= [8pm? ‘s—inz—e ¢np(7np r)¢nlp|(Ynlpur)Pm(cos 0)Ppip(cos 0) b_-:.:-..

'.'

also >

i\
(0) ,,(0) o

2n 3¢ 3¢, 1t 1) 10 APpn(cos 0) @Pp g (cos 0) -'\i

—npm "'npm _ ( v 1 nm n'm -

Jo * 30 e *np(Ynp T)#n'pt (1n'p'7) —g5 a5 {-fl‘ ‘

Y
2n (1) (1) dPp,(cos 0) dPpp(cos 6) f-""-c
] fo dt sin ot sin w's = Spn%onp(Ynp T)énp! (Yarprr) as as -
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Combining the two pieces we obtain after integrating over ¢ .
L.

b (1) (1) L . n2 ,
ﬂGml Ia dr r2 ¢np(an )¢n-p-(yn-p-r) !O dd sin 9 {sinze an(cos B)Pnom(cos 0) :::__::

dPpn(cos 6) dPpiy(cos 0) ¥
LA

a8 a8
=1

However, the integral over 6 is given in Stratton! as -

2n(n + 1) (n + m)! vy
2n +1  (n - m)!

Spn'*

¥

§
3

We then have remaining integration over the radius, namely, )
[ :

Y.y

2n(n + 1) (n - m)! (1) (1)
"Snn ' Smm* znn+ 1 (: + :)! I dr x2 ¢np(Y )¢np (an e) hjg

Y

|
3 Now ¢np(37(1)r) satisfies the differential equation tzén

(1))

¢np(JY( '2) + 2(3v

1
0 = (3vip'r)2 (1) 0 4’np(”np r)

d2
. a(3vip )2
‘ [(Jan r)2 + n(n + 1)]¢np(37£p) )

w ¥

’

L

Pt
~
T,

and ¢np (jY(‘) ) satisfies the equation

| (1 a2 (1 1 4 (1) 5,
.‘ 0= (JYr(lpzt) —-(—1)-—-2‘ ¢npl(anp2r) + 2( y,ﬁpzr) —T anl(j'ynplt) t‘).n?.f
3 d(3vnpir) d(3Ynp'r AR

1 2N
v
o

.. (1
- [(jyéé-t]z + n(n + 1)]¢np-(31épzr) . AT

Then multiplying the first of these by ¢, (jy(;) r) and the second by N

onp(jyn;)r) and subtracting will give us, after some further reduction, i~

)

ALY

X
(s

r.“"

F

-
.'

D
2 2]

13, Stratton, Electromagnetic Theory, McGraw-Hill Book Co., Inc., NY (1941),
417.
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L . .(_._.JT-;'
3 TN
N
$ RO -
4 () az¢ (JY(” ) ( a2¢ (jY“)t) ‘.‘*‘;:,:::j"
! 1 [] [ -
',' 0 = ¢np (JYn r) npdrz = ¢np( an) ) EP—EI_?_@ .
‘ 2 (1) d¢np( Jan) ) 2 (), 4 ¢ng( JY1(121 ?r)
N * - ¢np'(JYn r) —ar T ¢np(J Ynp T)
o
15
1) ) )2
> + Onp* (Jan'anp(JY( )[(Jan )2 - (3v ( ) ] .
.': Integrating this over r from a to b we have for the first two terms
\;n ot
£y, . ' 1 . 1
B Ib ar 2{s (JY 1) r) d2¢np(JYr(\Tp)1') énol 37 (1) r) dz&lg'(ﬂﬁ‘) -
: a np*tJTnp! ar? np’ Iinp ar2
N 1) $npl 3Tnp r 1 a¢ppt (3Ynprr) I = b
3 (o Core) o) syt St '] -
2
; b v{he) Yne(ivep’s) ) SapGraple)
X -2 fa dr r ¢np'(Jan'r) - ¢np(Jan r)
. The first term on the right-hand side vanishes since the én (jy(”r) vanish at
the cavity boundaries. The remaining term cancels the second pair of terms in
our original integral over r. Thus, we have left
e LAY
B e
X (1)y2 (1) Py
e [(¥n np )2 = (Yn )2] f ar r? énp* (Jan'r)¢np(Jan r)=0 . ."’"_;
P,
For p*' # p the scalar functions are orthogonal and hence !
A 2(1,0) 2(1,0) (» (1,0) s
N []] d"( r)Enpm ( r) « Eq p'm' o(x) = [ﬂnpﬁlo ]zsnn"spp"smm' . "'-i
N conc ;.’.r ,
W spher :‘i i
'f" cavity =
Next we consider the TE even modes. By following the same steps we find =
o 3
N I ax(D)kiga® (3) - Blptan(®) = [9550°1%60n+6pp+ bme - ha%e
z h \
s 3
A4
Iy :\‘{
'\\

N e e e
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Now for the ™ odd eigenvectors:

[f] ax(®) B2 () -+ Bi3noae(¥)

1

b L 2n
=f arr2 [ a0 sin @ [ 46 sin 6 AL ——
a 0 0 (jwe )2

x [ ¥ x (BSoa)] ¢ [V x ¥ x (Biemn)] -
However, using equation (24) we have

+ (o) + 3 ) 3%(101: » 34’1(10211)1)
¥x ¥ x ("’npm)=(°rﬁ+r—a_e*;smea¢) (su\G A BT ’

which after some manipulation reduces to

T (Belod) = | BiR] - (v )2lbviRal)

+ 3 (o) e¢ 9 (o)
M ] (r ar [ ¢npm) sin 6 3¢ \r 31‘ (= d"‘5"“]) *
Then we have the relation

' +> 2 2
(oe PEZ(F) + BEME) - (Zr (eigl] - (i) Levih)

92 (o) (2) [ () ' (o)
X 32 [!'V’nop m'] = (vn'p )[x#n? p'm’ } (r 3 ( "npn)'
3 (13 1 [a (L300
E) (r ar (= % P L) ])} * oin26 ‘W r ar ar npmm
3 (13 (o)
35 (55 (vitdnt)]

or, more explicitly,
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X

X
l".; [
)

‘:‘%22- [ru’np(JYr(lg)t)] = [Ynlz))] [tq)np(JY(z) )]) ,ﬁ [twnlpu(er(llzp)cr)]

Fl e
s fo )
L)
Ay

- [YIS‘?!),-]Z[rwn.p.(jyé?gur)]} * Ppm(cos 9)Ppepi(cos 8) sin md sin m'¢

14 2 14 . (2) 4P,y (cos 6)
+ l;a [!"Pnp(JY[(;p) )]} (; e r¢nnp-(JYnnp.r)], ¢ —

dPp iy (cos 8) . 1 2
o« -2 -de sin ™ sin m'¢ + mm' ‘-r—g-; [rwnp(n,(,p)r)]\

. l%% [rwn-p'(jyx(,:-"!),-r)]’ * Pap(cos 6) Phpepi(cos 6) cos mp cos m'¢ .

Integration over ¢ gives ndm. for each of the first two terms and mnzﬁm. for
the third term. In turn, integration over 8 of the sum of the second and
third terms gives

;". o¥s'a -‘l»-

[ 4

2rn(n + 1) (n + m)! s 8
2n +1  (n - m)t pn'mm’ v

JJJJ:JJJ

while integration over 6 after ¢ gives

AR

2n {n + m)!
2n + 1 (n - m)!

We have at this stage

. »(2,0) $(2,0) 2r (n + m)!
(jwe)? [[f atv Eppp ° ¢ Epipige = o+ 1 (o= :“ Snn 'S’

12 a2 [ [ (5 20)] - (1P (hapl31i2e))

‘ {a,z [e¥np+ (3¥npr)] - (Y821 12[ebnps (3vagte) 1}

[
PLPA LS

v oy v ¥

A'.’jf‘n’fl.'z;«“; g ® \'
"y al oAy

van s 10 g Covapor@ o)1) -2 2 Lovape CvagPe)l]

If we use the differential equation that defines the w (j‘r(z) ], namely
that of equation (48), we can rewrite the integral on the riggt-hand side as
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n(n + 1) f dr 'n(n + 1)¢np(Jan r)wnp (Jynp.r) + — [rwnp(Jan) )]

* %; [rwnp'(anp'r)]’

Consider the integral of the second term which we can evaluate as follows:

b da (2 a_ _
I dr 3 [rwnP(JYf(lp)r)] r‘pnp (Jannr)] =

r=b

r=a

2 (2
Irwnp(JY( ) ) [rwnp'(37£pzr)],
b 2 a2 (2 b (2
= Ia dr rwnp(JYép) ) ;;5‘[r¢np'(JYépzr)] = - fa dr r¢np(37ép)r)

1 .. (2
’[Y r’4’np (Jan'r)] + 212;%“1'[rwnp'(Jngzr)],

Combining the pieces then, we have

(2,0

(5uer? [f] ar §é§ﬁ°)(r) . En' '%' _=2tn(n + 1)(n + m)! 5nn'5mm'[Y(2)]

(2n + 1)(n - m)!}

b . (2) _(2)
. Ia dr r2 . Wnp(Jan r)wnp'(Jan'r) .
Processing this remaining integral exactly as we did the corresponding one for

¢np¢np’ we will find the integral over the radius r from a to b vanishes for
p# p's Thus, we have

1] a EggQO) r) : ( ) = [Qnng)]zsnn'smm'GPP' .

e
Next we demonstrate orthogonality between the Eégﬁ°) and the Eé%m ),

Thus, consider

[ ax(DERDE) « B = [ ar Reng(3vig s)onrp: (31alper) J @ sin 0

. fzwd [ ;120 o mm'Ppy(cos 8)Ppige(cos 6) sin m¢ cos m'¢$
a sin
dPpp(cos 8) APhi1pe (cos 6)
* T ae ae

cos m$ sin m'ol .
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|

2n 2n o

fo d¢ sin m¢ cos m'¢ = 0 = fo d$ cos mp sin m'¢ . NEDY

N

2(2,e) | 2(2,0) v

A similar result is obtained for Eppy ° ¢ Ep'pip'e Then we have ;;.;

+ e -> + . o

[1) ax(®) B (x) - Bp(E) =0 L 5=1, 2 . 2

3

Finally we show orthogonality between the E,gl‘,,'n and the Er(xgx'n ). Clearly, e

[y

X005} |€

Y

1, ' 1,
J1f at Bga®) - B0 = 0= [ff ar BiLO) - BB, .

)

(This follows immediately from the integration over ¢$.) Continuing,

2

[ ax B3« B = gk f ar 22 [ a0 sin 0 [0 as[¥ x (Faigd)]

s Yo fady

rx N

'

[T ¥ x (;'4’1(1?;))'111')] :

-

g%

which by equations (24) and (25) in the body of the report becomes

RN T
l.-,-l."

) VN

(o) (o)
€9 a4’npm > a¢‘nptn
L 2 -
= - Jwe f dr r f dé sin © f [sxn 5 38 ed —38] °

»
'-)‘

C1ES
e

> 1 3 3 1 32 o) + 3
“"r [r"——sin 53¢ S0 0 3t T iz o aq?l]“’n ‘p'm' * €5 39

T

(o) n

3 S 9 1 b
ar[r"npm']*sinea¢rar[4’npm]|"jﬁfadtrz fode

\ P

0L

.1_.3_ [r awn-E.m.] _ 3¢:‘E0) .1...3_ [t awnnplml]
r dr r dr

o ¢ 26 26 ET)

Y

However, if we note that the integration over ¢ vanishes for all m,m' we have
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[1] ar(®) B0 (F) « BZ00(F) =0
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For precisely the same reason we obtain
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[If ax(F) B a3) - BB =0 .

o hitel,

e
o

Now consider

PN

s
'y
S S

1 1 3¢r(1;31

) b 2 ("

m= -/, T fo as {_—sin T
3 (e) 1 34’1(1;31 'S AR (e)

. 5—-(t 9 [rta: p'm']) “sin® a8 3$-<;-3; [rwn'p'm']) i}

e
]

'it 

JI] av Baga®) « Bl

-
oA
.

S,

b et S Bd
AT
} Ay % dv

At Y

1 b

~ Jee /, ar r? f dé f {¢np(Jan r) %'%_ [rvn 'p' (JYD P'r]]l

AR
i

dPp i (cos )
de

* Ppplcos 6) m cos m$ cos m'¢

5
# .'

ar

e

R dPpp(cos 0)

36 Phigpt(cos 6)m' sin m$ sin m'$ .

)

WAI X
- .
el eles Ii

L% ¢

2m
% m ]o d$ cos mp cos m'¢p = mASpm:

|

¢
®

v, o,
[s [ ".
. 2 2{ +

and

EARS S P
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s

2n
; m' fo d¢ sin mp sin m'¢p = mMSppe .
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A

-
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We thus have
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C TEM
COMMON R, TEXT
INTEGER TEXT(2),T(2),T1(2)

DIMENSION X(200),Y(200) ,RTAN(200) ,X1I(10) ,X1F(10),XCROSS(10)

DIMENSION IFLAG(15)
DATA IMARK/' *'/
10 WRITE (1,20)
20 FORMAT (///'ENTER TYPE OF RUN'/
-'TM1/TM2/TM3/TM4/TMS/TE1 /TE2/TE3/TE4 ")
WRITE (1,30) T(1),T(2)
30 FORMAT ('PREVIOUS RUN WAS: ',2A2///
-*(OR ENTER "Q" TO QUIT)')
READ (1,40) (T1(1),I=1,2)
40 FORMAT (2A2)
IF (T1(1).EQ.'Q ') GO TO 1000
IF (T1(1).NE.' ') GO TO 50
T1(1)=T(1)
T1(2)=T(2)
50 T(1)=T1(1)
T(2)=T1(2)
TEXT(1)=T1(1)
TEXT (2)=T1(2)

IF ((T(1).EQ.'TM') .AND.(T(2).EQ.'1 ')) ICALL=1
IF ((T(1).EQ.'TM').AND.(T(2).EQ.'2 ')) ICALL=2
IF ((T(1).EQ.'TM') ,AND. (T(2).EQ.'3 ")) ICALL=3
IF ((T(1).EQ.'TM') .AND.(T(2).EQ.'4 ')) ICALL=4
IF ((T(1).EQ.'TM') .AND.(T(2).EQ.'5 ')) ICALL=S
IF ((T(1).EQ.'TE') .AND.(T(2).EQ.'1 ')) ICALL=6
IF ((T(1).EQ.'TE') .AND.(T(2) .EQ.'2 ")) ICALL=7
IF ((T(1).EQ.'TE"') .AND.(T(2).EQ.'3 ')) ICALL=8
IF ((T(1).EQ.'TE') ,AND.(T(2)«EQ.'4 ')) ICALL=9

60 WRITE (1,70) R
70 FORMAT ('ENTER R (PREVIOUS VALUE WAS ',F7.5,' )")
READ (1,80) R1
80 FORMAT (F10.8)
IF (R1.GE.1.) GO TO 60
IF (R1.EQ.0.) R1=R
R=R1
NPNTS=200
DELX=.1
K=0
L=0
M=0
KEND=0
DO 90 1=1,15
IFLAG(1)=0
90 CONTINUE
100 IF (L.NE.1) GO TO 110
DO 220 M=1,10
IF (M.GE.10) GO TO 430
110 IF (L.NE.O) DELX=(XF-XI)/NPNTS
DO 210 I=0,NPNTS

X(1)=FLOAT(I)/10.
IF (L.NE.0) X(I)=XI+FLOAT(I)*DELX
XT=X(1)
CALL FNCTN (ICALL,XT,YT) Ky
Y(I)=YT -~
A=(1,-R)*X(I)
S=SIN(A) =
C=COS (A) %
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v

-t

-y
%

AV

RTAN(I)=S/C
ICROSS =0
DIFF=YT-RTAN (I)
IF (DIFF.LE.0) ND=0
IF (DIFF.GT.0) ND=1
IF (1.EQ.0) ND1=ND
3 IF (ND.NE.ND1) ICROSS=1
} IF ((RTAN(1) .LT.0.) .AND. (RTAN(I-1) .GT.0.)) ICROSS=0
IF((RTAN(I).LT.0.) .AND. (RTAN(I-1) .GT.0.) .AND, (RTAN(I-1).LT.
- -Y(I-1))) ICROSS=1
L IF (1.EQ.0) ICROSS=0
< ND1=ND
- IF (L.NE.O) GO TO 120
bR IF (ICROSS.EQ.1) K=K+l
) IF((K.EQ.1) .AND, (ABS(DIFF).LT.0.00001)) K=0
IF (K.EQ.0) ICROSS=0
, IF (ICROSS.EQ.1) X1I(K)=X(I)-DELX o
- 120 IF (L.NE.1) GO TO 130 -
~§a IF ((ICROSS.EQ.1) .AND. (ABS(DIFF).GT.10.)) IFLAG(K)=1 s
X2 130 IF ((1.EQ.0).AND.(ICROSS.EQ.1)) IFLAG(K)=1 '
- IF ((L.EQ.1).AND. (IFLAG(K).EQ.1)) GO TO 150 §~
Ny IF (ICROSS.EQ.1) WRITE (1,140) R
! 140 FORMAT ('*') L
_ IF (Y(I)*RTAN(I).LT.0.) GO TO 150 W
‘ IF (L.EQ.2) GO TO 170 >
$§ IF (ABS(DIFF).LE.0.00001) X1F(K)=X(I) N
IF (L.EQ.0) GO TO 150

W

Ll

A )

i/

1
IF (K.EQ.0) GO TO 150 &~
B IF (ABS(Y(I)-RTAN(I)).LE.0.00001) GO TO 320 -
IF (ABS(X(I)-X(I-1)).LE.0.000001) GO TO 320 e
. 150 IF (ICROSS.EQ.1) X1I(K)=X(1)-DELX )
W 160 1F ((L.EQ.1) .AND. (ICROSS.EQ.1)) XIF(K)=X(1) o
< IF ((L.EQ.0) .AND.(ICROSS.EQ.1)) X1F(K)=X(I) R
» IF ((L.EQ.1).AND. (ICROSS.EQ.1))GO TO 170 t
Py IF (L.NE.0) X1F(K)=X(I)
W 170 IF (L.EQ.1) GO TO 200
Xy IF (ICROSS.NE.1) WRITE (1,180) X(I),Y(I),RTAN(I)
IF (ICROSS.EQ.1) WRITE (1,190) X(I),Y(I),RTAN(I)
f 180 FORMAT (F12.5,5X,2F12.5) ;
b 190 FORMAT (F12.5,5X,2F12.5,5X,'*")
d 200 IF ((L.EQ.1).AND.(ICROSS.EQ.1)) XI=X1I(K) A
3 IF ((L.EQ.1).AND. (ICROSS.EQ.1)) XF=XI1F (K) ’
" IF ((L.EQ.1).AND.(ICROSS.EQ.1)) GO TO 100
W IF (L.EQ.0) KEND=K
- 210 CONTINUE
~ IF (L.NE.1) GO TO 230 ey
220 CONTINUE A
‘ 230 IF (L.EQ.1) GO TO 310
2 IF (L.EQ.2) GO TO 350 \
., 240 NFLAG=0 '
y DO 250 K=1,KEND k?
- NFLAG=NFLAG+IFLAG (K) -
250 CONTINUE ,
A K1=KEND-NFLAG .
‘ WRITE (1,260) T(1),T(2),R fa

, 260 FORMAT (//13X,2A2,'ROOTS FOR R=',F7.5//
Y -10X, 'K',13X,'XI',10X, 'XF'/) Py
~ DO 290 K=1,KEND N

IF (IFLAG(K).EQ.0) WRITE (1,270) K,X11I -
IF (IFLAG(K).EQ.1) WRITE (1,280) K,X1I
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O 000

270 FORMAT (10X,11,5X,2F12.5)
280 FORMAT (10X,I1,5X,2F12.5,5X,'#')
290 CONTINUE
WRITE (1,300) Kl
300 FORMAT(//'THERE ARE ',12,' CROSSOVERS'/
-'ENTER # OF CROSSOVER TO EXPAND'/
~-'OR RETURN TO CONTINUE')
READ (1,370) K
IF (K.EQ.0) GO TO 350
310 XI=X11(K)
XF=X1F (K)
L=1
M=0
IFLAG(K)=0
GO TO 100
320 WRITE (1,330) K
330 FORMAT (///I1,' CROSSOVER OCCURS AT')
WRITE (1,190) X(I),Y(I),RTAN(I)
WRITE (1,340)
340 FORMAT (///)
GO TO 240
350 WRITE (1,360)
360 FORMAT (// ENTER 1 TO START OVER'/
2 FOR EXPANDED SCALE'/
'OTHERWISE RETURN FOR GRAF')
READ (1,370) IGRAF
370 FORMAT (13)
L=1
M=0
IF (IGRAF.EQ.1) GO TO 10
IF (IGRAF.EQ.2) GO TO 380
CALL GRAF (NPNTS,X,Y,RTAN)
GO TO 240
380 WRITE (1,390)
390 FORMAT ('ENTER K')
READ (1,370) K
WRITE (1,400)
400 FORMAT ('ENTER INITIAL AND FINAL VALUES OF X')
READ (1,410) XI,XF
410 FORMAT (2F9.5)
IF ((XI.NE.0.).AND.(XF.NE.0.)) GO TO 420
XI=X1I(K)
XF=X1F (K)
420 L=2
M=0
GO TO 100
430 WRITE (1,440)
440 FggMAT ('NOT A REAL CROSSOVER')
M
IFLAG(K)=1
GO TO 240
1000 STOP
END

SUBROUTINE FNCTN (ICALL,XT, YT)

COMMON R
XSQ=XT*XT

88

Tu - | AW A
,‘ ﬁ‘ s \r\xc;: AR “i\ N \3.\ 10\ PN __.-\J-‘:“r
AN ‘ SRR

o

] a
"::"-f 'r
s

4

L

15') , «
NS

AR

.zj?ff*

x

B R B
ARG
Y,

.3{

R t':d'
P EY |

[/

AL | K

"t
" ':‘5‘

]
£}

AT
eat s a2

)&

';.‘

RN N
R

2ol Ak O
ol Sy S-Sy SAirEN

¥
hl \

T T
AP

4]



Ty . . 9 el el e o = o ot - . Y 3 - S
e B - A A% A0 LR WCHA N An S S0 & el AN S ISR RS G A WL SRS LA RS : LR N e N L I PN I P AP Y

‘;‘15‘-, APPENDIX B \
/ L] - ‘ *
N
ﬁzi N
Y N
o} RSQ=R*R
{ IF (ICALL.EQ.1) GO TO 10 ~
o IF (ICALL.EQ.2) GO TO 20 ’
{-g IF (ICALL.EQ.3) GO TO 30 I
iV IF (ICALL.EQ.4) GO TO 40 .
. IF (ICALL.EQ.5) GO TO 50 -
i IF (ICALL.EQ.6) GO TO 60 5
2t IF (ICALL.EQ.7) GO TO 70 :
‘ IF (ICALL.EQ.8) GO TO 80 D
; IF (ICALL.EQ.9) GO TO 90 =
¢4 10 TMIN=(1.-R)*XT*(1.+R*XSQ) o
2 TM1D=RSQ*XT**4-(1.-R+RSQ)*XS0+1 . "
o YT=TMIN/TM1D &
137! GO TO 100 :
3¢ 20 TM2N=3*(1.-R)*XT*(RSQ*XSQ**2-2*(1.-R)**2*XSQ+12.) )
TM2D=(R*XSQ) **3-3*R* (2¥RSQ-3*R+2.) *XSQ**2-18* (RSQ-2*R+1.)*XSQ -
-+36. =
YT=TM2N/TM2D e,
GO TO 100 £4
30 A=15.-2*XSQ b3
B=15.-2*XSQ*RSQ te
C=XSQ**2-21*XSQ+45. X
; D=(XSQ*RSQ) **2-21*XSQ*RSQ+45 . -
g TM3N=3*XT*(A/C-R*B/D) »
54 TM3D=1.+9*R*XSQ*A*B/ (C*D) P
o YT=TM3N /TM3D R
o GO TO 100 .
<1 40 A=420.-55*%XSQ+XSQ**2 DX
N B=420 . -55*XSQ*RSQ+(RSQ*XSQ) **2 5
iy C=420.-195*XSQ+10*XSQ**2 -
. D=420.-195*XSQ*RSQ+10* (XSQ¥RSQ) **2 y
59 TM4N=XT* (A/C-R*B/D) b’
% TM4D=1.+R*XSQ* (A*B) / (C*D) %
g YT=TM4N / TM4D :
I GO TO 100 e
"l 50  A=4725.-630*XSQ+15%XSQ**2 g
nly B=4725.-630*RSQ*XSQ+15* (RSQ*XSQ) **2 B
C=4725.-2205*XSQ+120*XSQ**2-XSQ**3 R
2 D=4725.-2205*RSQ*XSQ+120* (RSQ*XSQ) **2- (RSQ*XSQ) **3 :
N TM5N=XT* (A/C-R*B/D)
SN TM5D=1,+R*XSQ*A*B/ (C*D) .
x3 YT=TMSN/TM5D <
282 GO TO 100
— 60 TEIN=(1.-R)*XT
B TE1D=1.+R*XSQ ~
£ YT=TEIN/TE1D 3
<o,0 GO TO 100 By
'gti 70 TE2N=(1.-R)*(1.+(1./3.)*R*XSQ)*XT '
¥ TE2D=1.-(1.-3*R+RSQ) *X5Q/ 3+RSQ*XSQ*XSQ/9 Y
oot YT=TE2N /TE2D g
s GO TO 100 a3
ou 80  A=15.-XSQ
YT B=15.-RSQ*XSQ
N C=5.-2*XSQ {
b D=5, -2*RSQ*XSQ
4 TE3N=XT*(A/C-R*B/D) £
1Sl TE3D=3 ,+R*XSQ*A*B/ (3*C*D) N
e ¢ YT=TE3N/TE3D N
GO TO 100 -
90  Y=XT*R ~
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Y2=Y*Y
Y3=Y2*Y
Y4=Y3*Y
Y5=Y4*Y
X2=XSQ
X3=X2*XT
X4=X3*XT
X5=X4*XT
A=105*XT-10*X3
B=105-45*Y2+Y4
C=105-45*X2+X4
D=105*Y-10*Y3
TE4N=A*B-C*D
TE4D=C*B+A*D
YT=TE4N /TE4D
100 RETURN
END

aonoon

SUBROUTINE GRAF (NPNTS,X,Y1,Y2)

COMMON R,TEXT
INTEGER TEXT(2)
INTEGER RTEXT(3)

DIMENSION X(200),Y1(200),Y2(200)

ENCODE(6,5,RTEXT)R
5 FORMAT ('R=',F3.2)

CALL MINMAX (Y1,NPNTS,1,YIMIN,YIMAX)
IF (YIMAX.GT.150.) YIMAX=150.
IF (YIMIN.LT.-99.) YIMIN=-99,

DO 10 I=1,NPNTS
X(I)=X(1)

IF (Y1(1).GT.150.) Y1(I)=150,
IF (Y1(I).LT.-99.) Y1(1)=-99,.

10 CONTINUE
CALL SETPDQ
CALL SCREEN
CALL INIT (1.5,1.5)

CALL SCALE (X,NPNTS,8.,1,0)

CALL SCALE (Y1,NPNTS,5.,1,

CALL ENTGRA
CALL XAXIS ('X',1,8.)

D)

CALL YAXIS ('FUNCTIONS FOR R',15,5.)
CALL DATAQ (X,Y!,NPNTS,1,1)

L=3
DO 20 I=1,NPNTS

CALL DRAWC (X(I),Y2(1),L,4)

L=4
20 CONTINUE

CALL GRID (8.,5.,1.,1.,4,0)

CALL ABSVEC (1.7,6.,0)
CALL SYMBOQ (6,RTEXT,7)
CALL ABSVEC (8.6,6.7,0)
CALL SYMBOQ (4,TEXT,7)
CALL EXITGR

CALL WAIT

CALL SCREEN

RETURN

END
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